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SUMMARY
Many processes in engineering and science involve multiphase flow, and the rate at
which they operate is controlled by multiphase rheology. A rheology model with predictive
capability over a wide range of physical and flow conditions is, therefore, of interest to
quantify and optimize these processes. Complex fluids, a family of multiphase fluids, are
ubiquitous across a broad range of industrial setting, including Pharmaceutical products,
Food & Dairy, Oil & Gas, Mining & Coating, Cement & Concrete, Cosmetics, Composite &
Powder, and Polymers and Biological fluids. Complex fluids include one continuous phase
and one or more external phases such as suspended solid particles, droplets of liquid, bub-
bles of gas that can be rigid or deformable, and can stick together or repel each other. The
interactions between constituents cause the overall behavior of these fluids to be different
from pure fluids and solids. The rheology of complex fluids can be highly non-linear. At
very low volume fraction of the dispersed phase (volume fraction of ψ < 0.1), the relation-
ship between the relative viscosity of the complex fluids and ψ is simple and linear, i.e.
it does not depend on the particle size distributions and the deformation history. Under
these conditions, experimental data agree well with each other and allow the development
and application of simple rheology models. The situation becomes more challenging as the
volume fraction of particles increases and hydrodynamic interactions between particles be-
come more important. For instance, as particle volume fractions approach the maximum
packing limit, the particle shape, deformation and size distributions, the formation of a mi-
crostructure or fabric (including the orientation of particles, their arrangement along shear
planes) and the shear conditions under which the fluid is flowing play a more crucial role.
This complexity is illustrated by the non-linear response of complex fluids to deformation
and especially the lack of self-similarity observed experimentally. This loss of self-similarity,
however, might be an artifact resulting from ignoring several important processes and key
xviii
variables describing the dependence of complex fluids rheology on the rate of deformation.
We present a theoretical framework to build a generalized rheological model for non-
Brownian complex fluids subjected to a steady straining flow at low Reynolds number. We
first consider the effect of a single deformable fluid particle on the ambient velocity and
stress fields to constrain the rheological behavior of dilute mixtures. We then extend the
solution to the rheology of concentrated complex fluids using an incremental differential
effective medium theory operating in a fixed and finite volume. These analyses provide a
framework to include non-linear microstructural processes in the description of the shear
deformation of complex fluids, e.g., particle shape and size distribution, particle deforma-
tion and breakage, and particle alignment and rearrangement. The proposed framework is
based on new state variables and is designed to restore self-similarity by providing a mi-
croscopic parameterization for the influence of the shearing condition on the rearrangement
and evolution of microstructures. It forms the basis for the derivation of a predictive model




Complex Fluids are a family of multiphase fluids that include an ambient phase and one
or more external phases such as suspended solid particles, droplets of liquid, bubbles of
gas that can be rigid or deformable, and can stick together or repel each other. Complex
fluids such as suspensions and emulsions are ubiquitous in everyday’s life (e.g. detergents,
shaving cream, and coffee), industrial applications (e.g. oil & gas, ceramic, pharmaceutical
and cosmetic), and natural systems (e.g. magmas and sediment transport). The shear
dynamic viscosity is one of the physical quantities that controls the rate at which these
complex fluids flow. When these fluids are subjected to a shear flow, they can exhibit
shear thinning, shear thickening, jamming, shear banding and yield stress. In general, a
mixture of these processes controls the response of a complex fluid to deformation. From
the complexity of the processes involved to describe the rheology of a complex fluid, one
should consider the following potential factors:
1. the shear dynamic viscosity of the ambient fluid in the absence of particles,
2. the particle volume fraction,
3. the particle shape, sphericity, angularity and roughness,
4. elastic, viscoelastic and viscous deformation of particles as well as possible breakage
causing changes in the particle shape and size distributions,
5. hydrodynamic interactions of particles with each other and with the ambient fluid for
deformation regimes where hydrodynamic forces are dominant,
6. the state of particle-particle interactions under different shear conditions to assess the
relevance of friction and lubrication forces,
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7. particle clustering, ordering and in general the spatial distribution of particles to assess
the effect of shear induced microstructural arrangement,
8. Jamming and transition from fluid-like to solid-like behavior,
9. transient effects to include time-dependent rheology.
Studies on rheology generally focus on the shear viscosity, and as such, attempt to
constrain the relationship between shear stresses and shear strains of a material under the
effect of imposed forces within different experimental setups, conditions and time-frames.
When inertia can be neglected, the fluid flow is sheet-like, and the velocity of the fluid
decreases towards the solid boundary. The rate by which the shear strain is changing along
the sheet layers or simply, for the simple shear case, the gradient of velocity vector, ∇u,
from the bulk fluid to the wall is called shear rate, Υ, with the unit of reciprocal seconds.
As we will refer throughout this review to the rate of viscous energy dissipation, Ė, under
several circumstances, we define it here as the tensorial contraction between the shear stress,





where the summation over repeated indices is used and i 6= j.
The response of fluids to shear stresses is generally classified into two categories, (i)
Newtonian where the shear stresses correlate linearly with shear rates and the constant of
proportionality is the shear viscosity µ = τ/Υ where Υ = |Υ| is the magnitude of the shear
rate, and (ii) non-Newtonian fluids where the relationship is no longer linear. Commonly, the
flow behavior of fluids under steady shear flow condition is characterized by a constitutive
equation such as τ = f(Υ). These empirical constitutive equations are retrieved from
the structural study of fluids under deformation. For example, the Herschel-Bulkley (HB)
model
τ = τ0 + kΥ
n, (1.2)
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is a widely applied structural model that characterizes the rheology of viscoplastic materials
with a yield stress τ0 (Herschel & Bulkley, 1926). In Eq. (1.2), K and n are fitting constants
representing the consistency and flow index, respectively.
For the case of a Newtonian fluid (n = 1), the consistency, K, reduces to the shear
viscosity µ. In practice, fluids can be Newtonian only over a limited range of conditions,
and the majority of materials show non-Newtonian behaviors. For non-Newtonian fluids
(n 6= 1, K 6= µ), the shear viscosity is a function of the imposed shear stress µ = f(τ)
or shear rate µ = f(Υ). This non-linearity is generally caused by internal microstructural
changes in fluids. Therefore, for non-Newtonian fluids, the effective shear viscosity can be
only defined for a specified shear condition.
Two families of curves are generally plotted to illustrate the rheology of fluids; (1)
flow curves, and (2) viscosity curves. Figure 1.1 provides a schematic example of typical
trends expected for various fluids at steady state (i.e. a dynamic equilibrium condition). In
some non-Newtonian fluids, the measured viscosity decreases with increasing shear rate, a
behavior defined as shear thinning, while other fluids display the opposite behavior, known
as shear thickening.
Shear thinning and shear thickening are very common behaviors among fluids within
which structural changes (molecules ordering and disordering, respectively) occur in re-
sponse to applied shear stresses. When the viscosity of a fluid is time-dependent, the flow
and viscosity curves display a hysteresis loop caused by the history-dependent nature of the
fluid response to ramping shear stresses or shear rates. These fluids are either thixotropic
(Mewis & Wagner, 2009b) or rheopectic (see Fig. 1.1), and the size of the hysteresis loop
depends on the shear history and the rate at which the deformation conditions (e.g. shear
rate) are varying.
The viscosity of complex fluids, e.g. suspensions of solid particles, commonly shows
shear rate dependence. This behavior is rooted into the suspension microstructure (spatial
arrangement and orientation of particles) that deforms under different shear conditions (see
Fig. 1.2). It is common practice to parameterize the apparent (or effective) viscosity of a

















































Figure 1.1: Typical rheological behavior of materials under dynamic equilibrium conditions
on flow curve (left) and viscosity curve (right).
viscosity of the ambient fluid µm such that
µψ = µmf(ψ). (1.3)
With this approach, one calculated the ratio of shear stress to shear rate obtained from
measurements of forces and velocity gradients without discriminating between Newtonian
and non-Newtonian behaviors. However, it is more appropriate to refer to Eq. (1.3) as a
non-Newtonian apparent viscosity when the viscosity depends also on shear rate (or stress).
Equation (1.3) is a rheological model and it is implemented into macroscopic models as a
constitutive equation in order to predict the transport behavior of complex fluids. However,
there is an important distinction between rheological models and constitutive equations (or
material equations) that is often overlooked. Theoretical models, extending the seminal
work of (Einstein, 1906, 1911) (i.e. f(ψ) = 1 + 2.5ψ), are rheological models and not
constitutive equations. A rheological model provides information about the (shear) viscosity
of a material under steady or quasi-steady conditions within a certain flow geometry. In
contrast, one could simply define a constitutive equation (e.g., Eq. (1.2)) as the relationship
between field variables, here shear stress and shear rate tensors, that is valid for any flow
configuration and even under transient conditions. The applicability of rheological models

















Figure 1.2: Typical rheological behavior of suspensions of solid spherical particles under
dynamic equilibrium conditions.
Expressions for the effective shear viscosity of a suspension under a given flow geometry
are generally derived under steady conditions (avoiding thixotropy when possible) and pro-
vide no constraint on the shear stress-shear rate relationships beyond the simple shear flow
conditions tested in the laboratory or imposed in the theoretical model. For a rheological
model to be used as a constitutive equation in flow calculations, one needs to show that
1. the rheological model for suspension provides suitable information for the shear stress-
shear rate relationship under any possible flow configuration and also during flow
transients,
2. the equation provided for the suspension viscosity preserves material objectivity,
3. once inserted into governing equations (e.g. Navier-Stokes or Stokes equations), the
system of equation is Hadamard stable,
4. no flow solution using that rheological law violates the second law of thermodynamics,
5. and finally that the rheological law portrays material symmetry.
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Material objectivity refers to a property that guarantees the rheological model is in-
dependent of the choice of reference frame, i.e. it is invariant under Galilean changes of
reference frame. The definition of a Newtonian fluid preserves material objectivity because
the shear stress-shear rate relationship is constructed from tensors that are individually
material objective. The velocity gradient tensor is not material objective but the shear
rate is ( its symmetric counterpart), and so is the divergence of the velocity gradient. For
the case of solid particles embedded in a Newtonian fluid, we expect, although it is not
demonstrated, that a material objective representation of the rheology is preserved as long
as the law is itself build on objective tensors such as shear rate or scalars variables like the
particle volume fraction.
A constitutive equation is also required to lead to macroscopic flows that are consistent
with positive entropy production. Any realistic macroscopic flow should satisfy the Clausius-
Duhem inequality, i.e. that entropy can only increase with time with viscous flows. A
famous example of violation of the second law of thermodynamics occurs when flows violate
Hadamard stability for instance. In overly simplified terms, Hadamard instability arises with
flow instabilities (e.g. Kelvin-Helmholtz) such that the growth of perturbations becomes
infinitely fast for large wave numbers (power spectra diverges at small wavelength). In
reality, viscous dissipation or capillary forces (in multiphase flows) prevent this issue.
The last item in the list above, material symmetry, is perhaps the most problematic for
suspensions. Material equations should be constructed so as to display the same symmetry
as the material they model. For instance a cubic lattice requires elastic constitutive equa-
tions that have a cubic symmetry. For homogeneous Newtonian fluids, the symmetry is
basically unimodular (high symmetry), because molecules can be displaced randomly with-
out changing the behavior of the fluid. This is the reason why material symmetry is not an
issue for Newtonian single phase fluids. For complex fluids, microstructure plays an impor-
tant role on rheology (Stickel & Powell, 2005). Deformation in complex fluids can affect the
microstructure (distribution of particles and their orientation) which partially breaks this
symmetry. A proper constitutive equation should reflect the development or destruction
of symmetries in microstructure. We argue that a better understanding of microstructure
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changes under different shear rate conditions, the development and lifetime of planar sheets
of particles sliding over each other and their destruction at higher shear rates (dilation and
possible shear thickening) for example, is the missing link to extend the various rheological
models to real constitutive equations for complex fluids flows.
An analysis of Eq. (1.3) reveals that it does not contain any information about the
shear history, the formation and deformation of microstructural arrangement of particles,
particle shape and size distributions, particle orientation, and particle deformation. These
various parameters have limited impact on dilute suspensions, but become critical when
one considers concentrated suspensions where the particle volume fraction approaches the
threshold packing limit. Therefore, further information about the flow (shear) conditions
and the mechanics of microstructures are required to retrieve and analyze the complex




= f(ψ, St,Re, Pe). (1.4)
where µr is the relative viscosity of the suspension, and St, Re and Pe represent the Stokes,
Reynolds and Péclet numbers, respectively, which convey information about the relative
density between the suspending fluid and solid particles, particle size, shear flow conditions
and the importance of thermal energy on the motion of particles in the suspension. The
Stokes number quantifies the coupling between the motion of particles and the fluid. When
particles are small or the relative density is small, the coupling between the particles and
fluid will be strong and the resulting Stokes number will be small (i.e. advection-dominated
flow). At low Reynolds number, inertial stresses can be neglected and the stress balance
is governed by viscous and applied stresses. Finally, suspensions characterized by a large
Péclet number are such that they are not affected by Brownian motion (exchange of kinetic
energy at the molecular level). Another dimensionless number, the Schmidt number, is
sometimes considered for suspensions. It is defined as the ratio of the Péclet to Reynolds
numbers and is used to categorize whether the suspension is within Newtonian or non-
Newtonian phase regime (Stickel & Powell, 2005). For Schmidt number ≥ 106 both inertia
and Brownian forces can be neglected from the analyses, and, if particles are neutrally
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buoyant (St→ 0), Eq. (1.4) reduces to Eq. (1.3).
Laboratory experiments on concentrated suspensions show a strong dependence of the
effective viscosity on the applied shear rate; suspensions often display shear thinning at low
to moderate shear rates and a transition to shear thickening at high shear rates (Mari et al.
, 2014; Brown & Jaeger, 2014). It is shown that these complex transitions (illustrated in
Fig. 1.2) occur because of microstructure ordering (leading to shear thinning) and dilation
due to friction and inertial forces (leading to shear thickening) (Hoffman, 1972; Brown &
Jaeger, 2014; Mari et al. , 2014; Cwalina & Wagner, 2014).
However, as reported by many observations, the viscosity curve for suspensions may
show two plateaus at very low and high shear rates. In other terms, suspensions behave like
Newtonian fluids at very low and high shear rates and like shear thinning fluids in between
(a S-shaped viscosity curve). These observations motivate us to modify Eq. (1.4) and ac-
count for non-Newtonian behaviors (shear thinning) due to microstructural rearrangement.
The effective viscosity of suspensions under different shear conditions can be then charac-
terized using two extreme cases, at very low and high shear rates (or shear stresses), as well
as a shear rate-dependent fitting parameter (like Cross-fluids (Cross, 1965) and Carreau-
Yasuda-fluids (Owens & Phillips, 2002; Hayat et al. , 2014)) or shear stress-dependent fitting
parameter (like Ellis-fluids (Steller, 2001) and Meter-fluids (Hackley & Ferraris, 2001)). One
example of such models for shear thinning fluids is
µψ − µψ∞
µψ0 − µψ∞
= (1 + (gΥ)a)(n−1)/a, (1.5)
where µψ0 and µψ∞ denote the effective viscosity of the suspensions at very low and high
shear rates, respectively, that are calculated from a model like Eq. (1.3). In Eq. (1.5),
parameters a, n and g are fitting constants that vary with fluids (Krieger, 1972; Hackley &
Ferraris, 2001). As mentioned, suspensions may also show a dilatant behavior under very
high shear rates, and the application of models like Eq. (1.5) becomes problematic, and
needs further corrections and fitting parameters (Cross, 1965; Hackley & Ferraris, 2001).
As an alternative and more general approach, one can introduce two additional di-
mensionless number, ψt(rp,Υ) and [η(rp,Υ)], into Eq. (1.4) to account for the effect of
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= f(ψ,ψt, [η], St, Re, Pe). (1.6)
ψt(rp,Υ) and [η(rp,Υ)], defined as state variables, convey important information about
the particle shapes (characterized here with rp, the particle aspect ratio), orientation, aggre-
gation and shear induced microstructure rearrangement. ψt represents a threshold volume
fraction at which jamming condition occurs (often called the maximum random close pack-
ing fraction) and [η] is the intrinsic viscosity providing information about a characteristic
hydrodynamic function for a single particle (or an assembly of particles, for instance, in
aggregated systems). One of the goal of this study is to interpret published experimental
datasets on the rheology of suspensions based on Eq. (1.6) to restore self-similar behaviors,
if possible. Before we can do so, it is important to provide a physical and theoretical context
for the rheology of suspensions across a wide range of particle volume fractions. This is
used as the basis to constrain the microstructural effects on the viscosity of suspensions
through the state variables ψt(rp,Υ) and [η(rp,Υ)].
The approach in this thesis is to incorporate some of the microstructural effects and
shear history in a rheological model, e.g. Eq. (1.6), and provide a predictive constitutive-
like rheology model. We advocate that applying rheological models (Eqs. (1.3)-(1.6))
directly into governing equations requires some care. The main conditions under which
effective viscosity laws can be inserted into flow models are listed below,
1. The particles are well-mixed such that at the macroscopic level the complex fluid can
be treated as homogeneous.
2. The flow geometry is simple and shear flow conditions prevail everywhere.
3. Steady state conditions apply. Viscosity needs to be defined when the change in
microstructure is dynamically under equilibrium, i.e. microstructure formation and
destruction occur at the same rate.
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1.1 Scope of work
The thesis focuses on hydrodynamic interactions within complex fluids. This investiga-
tion covers different regimes, from dilute to concentrated complex fluids. This thesis is
undertaken to fulfill the following goals:
1. To present a derivation of the macroscopic rheology for both dilute and concentrated
monomodal suspensions/emulsions under simple steady shearing flow conditions. The
resulting model for the macroscopic rheology of emulsions is applicable for a wide range
of viscosity ratio, capillary number and bubble (or droplet) volume fraction. In the
context of an emulsion of droplets or bubbles, the theoretical model allows us to con-
struct a regime diagram which constrain the rheological behavior of emulsions sheared
under different regimes of viscous/capillary stresses. These regimes are delimited by
two critical dimensionless numbers; a critical viscosity ratio and a critical capillary
number.
2. To extend the rheology model to suspensions including bimodal (or polymodal) size
distribution of particles. As a result, a crowding-based model for the effective viscosity
of suspensions of rigid bimodal-sized particles is introduced. In this model, the mutual
crowding factor is defined to account for the change in the amount of fluid trapped in
the interstices formed by particles when two class of particles with different sizes are
mixed with each other. In addition, a new semi-theoretical model for random close
packing of bimodal mixture of particles is provided.
3. To find a self-similar behavior and characterize the effect of microstructures on the
rheological behavior of suspensions. We first extend our model to suspension of rigid,
randomly oriented and bi-axially symmetric ellipsoids, and build a framework that
forms the basis for a predictive model that includes microstructural evolution and
rearrangement into the description of the effective viscosity of suspensions.
4. To investigates the rheology of crystal-bearing magmatic suspensions. Here, the strik-
ing resemblance and differences between magma and synthetic industrial suspensions
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are discussed, and some of the most important microstructural-level phenomena caus-
ing crystal-bearing magmas to display shear thinning are explored. Based on the
proposed self-similar behavior, a new approach to interpret experimental data on
magmatic suspensions is outlined.
5. To propose a new model for particle settling or bubble rising in a confined medium
where the new rheology model plays a key role in on phase separation. In this part, we
also extend the work to propose a general hindrance model and compute the rate of
settling of poly-disperse spheroids solid particles through a suspension. The hindrance





2.1 Rheology of dilute suspensions
Sutherland (1905) and Einstein (1906, 1911) were the first to introduce the theoretical
framework to describe the effective shear viscosity of suspensions. In dilute infinite suspen-
sions, particles are distributed homogeneously at distances large enough to neglect particle-
particle and hydrodynamics interactions. In these idealized suspensions, the rate of energy
dissipation per unit volume increases linearly with volume of dispersed solid particles. In
real and finite dilute suspensions, the rate of energy dissipation increases even more due to
particle interferences. In the last century, since the calculation conducted independently by
Sutherland (1905) and Einstein (1906) to obtain the viscosity of a very dilute suspension
of non-deformable solid spheres, the macroscopic rheological behavior of complex fluids has
received a remarkable attention. Solutions are mainly based on conceptual models that
account for the change in hydrodynamic interactions based on the particle concentration
and deformation. For theses multi-particle systems, the macroscopic quantities are defined
based on volume averages (Batchelor, 1967; Landau & Lifshitz, 1987). To this end, a di-
lute complex fluid, e.g. suspension, can be treated as a homogeneous equivalent fluid with
the same average density (Einstein, 1906, 1911; Taylor, 1932; Batchelor, 1967; Goddard &
Miller, 1967; Frankel & Acrivos, 1970; Landau & Lifshitz, 1987). The equivalence assump-
tion between the stress tensor in the suspension and the stress tensor for the homogeneous
equivalent fluid implies the equality of the total rate of work performed on the boundary
of the suspension. The equivalence of the volume averaged stress fields leads to the virial




= 1 + [η]ψ. (2.1)
where [η] is the intrinsic viscosity. The value of [η] depends on many factors such as the
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shape and orientation of particles, the boundary condition applied on the interface between
phases and particle deformation (e.g., fluid particles with finite shear viscosity, Hookian
elastic or viscoplastic behavior). The distance between particles is also important for the
intrinsic viscosity, because particle aggregation and clustering can affect [η] greatly. For a
rigid spherical particle in a dilute suspension with negligible particle interactions, Einstein
(1906, 1911) calculated [η] = 2.5 (his first calculation did not lead to the exact value of
2.5, and it was corrected after experiments). It is noteworthy that [η] > 2.5 for dilute
suspensions of non-spherical solid particles. Moreover, due to the particles’ orientation and
alignment with the principal flow direction, [η] shows a shear rate (or stress) dependence.
In these cases, [η] should be defined as a tensor instead of a scalar quantity especially where
the shear rate is small (Wildemuth & Williams, 1984).
Einstein-Sutherland theory was first extended to very dilute emulsions by Taylor (1932)
where he assumed that fluid particles remain spherical, i.e. the dimensionless capillary
number, Ca, (the ratio of viscous force to the force associated with the interface tension) is
assumed Ca  1. These models predict an increase in the macroscopic effective viscosity
of the system that is linearly proportional to the particle concentration, with a greater
effect for solid spheres. Other investigations by Mackenzie (1950), Ducamp & Raj (1989)
and Bagdassarov & Dingwell (1992) have constrained expressions for the rheology of dilute
emulsions including highly deformed bubbles (Ca  1). More generalized constitutive
equations for the rheology of dilute systems were derived by Oldroyd (1959) for emulsions
of two immiscible Newtonian fluids, by Goddard & Miller (1967) for suspensions including
deformable Hookian solid sphere, and by Frankel & Acrivos (1970) for emulsions consisting
of deformable droplets up to the first order of the particle deformation. These constitutive
equations predict the effective viscosity of relatively dilute systems over a wide range of
deformation rates (capillary number) and viscosity ratios.
Because particle hydrodynamic interactions are neglected, Eq. (2.1) for dilute suspen-
sions of solid particles (and other dilute models for emulsions) predicts the effective viscosity
only as ψ → 0 (Mewis & Wagner, 2012; Stickel & Powell, 2005; Chang & Powell, 1994),
and violates the lower bound for the effective viscosity at any particle volume fraction as
13
described by Kachanov & Abedian (2015). The bounds for the effective shear modulus
of a heterogenous material including two isotropic phases possessing k0, µ0 and k1, µ1 as















For the case of non-deformable (rigid) solid particles (k1 →∞, µ1 →∞) suspended into
an incompressible fluid (k0 →∞), Eq. (2.2) can be simplified to
1 + 2.5
ψ
1− ψ ≤ µr <∞. (2.3)
The upper bound is trivial and will be discussed in more detail later. The lower bound




= 1 + [η(rp,Υ)]ψc, ψc =
ψ
1− ψ , (2.4)
derived by Saitô (1950) by taking into account the hydrodynamic interactions between
uncorrelated solid spheres. The viscosity model expressed in Eq. (2.4) accounts for the
excluded volume of ambient fluid replaced by particles that is overlooked in Eq. (2.1),
i.e. ψ is replaced by ψc. In other words, in Eq. (2.1) the suspending fluid is considered
unbounded which results in particles being represented as mass points (Mendoza, 2011).
The effective viscosity of Eq. (2.4) applies to finite volume suspensions, and does not
violates the lower bound of Eq. (2.3).
When the particle volume fraction increases beyond a few percents, Eqs. (2.1) and (2.4)
are no longer valid, but extensive experimental data on sphere suspensions and emulsions
show their accuracy up to particle volume fraction approaching even 10%. Thus practically,
the dilute regime for complex fluids hosting spherical particles is assumed to range from
0 ≤ ψ ≤ 0.1.
2.2 Rheology of semi-dilute suspensions
As more particles are fed to a complex fluids, e.g. suspension, the effective distances be-
tween particles decreases. The assumption of limited or negligible particle hydrodynamic
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interactions can no longer be applied to obtain the effective shear viscosity. The reduction
in the mean distance between particles leads to a higher rate of energy dissipation due to
viscous forces between particles. The seminal work of Einstein (1906, 1911) for solid sphere
suspensions has been extended to a quadratic form of
µr(ψ) = 1 + 2.5ψ +Aψ
2, (2.5)
in order to include particle hydrodynamic interactions to the first order of approximation,
and provide a better prediction of experimental and numerical data obtained for semi-dilute
(or intermediate) suspensions where 0 ≤ ψ ≤ 0.2. The first extension was performed by
Thomas (1965) who empirically proposed A = 10.06 for suspensions of solid spheres. Batch-
elor & Green (1972) using a statistical study to account for the hydrodynamic interactions
in a shear flow found that A = 5.2 ± 0.3 provides a good approximation (Pasquino et al.
, 2008; Hwang & Hulsen, 2006). Choi & Schowalter (1975) used a cell model approach,
and proposed A = 15.62. Using different approaches, Cichocki & Felderhof (1991); Thomas
& Muthukumar (1991); Wagner & Woutersen (1994); Verberg et al. (1997) and Pasquino
et al. (2008) proposed A = 5.0, 4.83, 5.0, 6.03, and 7 ± 0.18, respectively. More recently,
Housiadas & Tanner (2014) and Housiadas (2015) developed an analytical model for the
effective shear and elongational viscosity by solving the fluid flow around a single spherical
particle, and characterized a relationship between a resistance parameter and the volume
fraction of particles. Their model suggests A = 4.05 and A = 4.50 for the effective shear
and elongational viscosity of semi-dilute suspensions of spherical particles, respectively.
It should be noted that the intrinsic viscosity, the coefficient of the linear term in Eq.
(2.5), remains constant in all discussed models even when considering different applied flow
conditions (shear and elongational). The reason is that the intrinsic viscosity is determined
under the assumption that particle do not interact. Whereas, the coefficient of the quadratic
term accounts for hydrodynamic interactions, and varies under different imposed flow con-
ditions. The disagreement between the coefficient of the quadratic term in these models
for a semi-dilute regime illustrates the degree of complexity of the physics that govern the
deformation of complex fluids.
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2.3 Rheology of concentrated suspensions
To retrieve a correct effective viscosity for concentrated complex fluids where ψ > 0.2, one
needs to account for hydrodynamic and physical interactions, like interparticle forces and
friction at contacts, lubrication and viscous forces in the film between particles, deformation,
break up and coalescence when considering emulsions, and microstructure effects due to
different flow conditions. Different upscaling methods have been proposed to approximate
particle interactions in concentrated systems. These studies initiated a large body of work
devoted to find a model for the rheology of concentrated suspensions (see Table 2.1 and
emulsions (see Table 2.2). The strategy behind these models differs even though they are
designed to describe the same phenomena, highlighting the complexity of processes. A
common feature, for a complex fluid with non-deformable particles, is that the effective






which is equivalent to the trivial upper bound of the effective viscosity, see Eq. (2.3). In
Eq. (2.6), ψt is a threshold volume fraction at which a transition between fluid and solid
states occurs.
2.3.1 Threshold packing, ψt
The threshold packing volume fraction depends strongly on the protocol followed to produce
the packing. This explains the range of values reported in the literature, even for monomodal
spherical particles. The mechanical stability condition for monomodal sphere packing starts
from the very loose random packing (ψRL = 0.56 that represents the least dense packing
that can support an external load) to the face-centered-cubic or hexagonal structure (ψFC =
0.7405) which is the most efficient way to pack equal-sized spheres. For random packing,
in practice, a value between these two extremes has been reported, ψRL ≤ ψt ≤ ψFC .
For random close packing (or amorphous maximally random jammed packing (Donev
et al. , 2004)) of monomodal spheres, known as a threshold transition between fluid and
solid states, Scott & Kilgour (1969) found a maximum of ψt = 0.637 and a minimum of
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Monomodal Loose Packing                    Monomodal Close Packing                Bimodal Loose Packing (1:3)
Figure 2.1: Monomodal and bimodal random packing of spherical particles. Left: random
loose packing constructed by gravitational settling leading to ψt ≈ 0.58. Middle: random
close packing constructed by gravitational settling and continued by overlap minimization
and vibrations that leads to ψt ≈ 0.62. Right: bimodal random loose packing of spherical
particles with size ratio ζ = 3 and 60% of small particles leading ψtb ≈ 0.605. Colors here do
not point to specific information, and are used only for better visualization. The detailed
information about gravitational settling, overlap minimization and vibration methods to
produce random loose and close packing of spheres can be found in Roozbahani et al.
(2013) and He et al. (1999), respectively.
ψt = 0.605 experimentally. The minimum is consistent with the result provided by Chong
et al. (1971) where the viscosity of dense suspensions diverges. Song et al. (2008) argued
that random packing of hard spheres in three dimensions cannot exceed a density limit of
ψt = 0.634. More recently, Boyer et al. (2011) constrained the threshold packing (maximum
random close packing) at ψt = 0.585± 0.002.
The threshold packing is affected by the particle size distribution (polydispersity) as
small particles can fill the void space between large particles (see Fig. 2.1). In addition,
as asphericity is introduced, locally jammed particles can rotate and the threshold packing
varies significantly. Donev et al. (2004) showed that for monomodal assemblages of oblate
and prolate spheroids (with small aspect ratios) the threshold packing fraction increases
from ψt ≈ 0.71 up to 0.735. On the other hand, by introducing the particles slenderness and
angularity, the threshold packing fraction decreases because of interlocking. Furthermore,
in sheared suspensions, orientation and deformation of particle clusters and changes in
microstructures affect the threshold packing limit (Krieger & Dougherty, 1959; Wildemuth
& Williams, 1984). See, for example, the change in the state of particle packing in Figs.
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Figure 2.2: Conceptual representation of shear thinning in concentrated suspensions of
spherical solid particles. The shaded area highlights the region where the yield stress ap-
pears. It starts from the threshold packing fraction for very loose random packing, ψ0t , and
diverges at the threshold packing fraction for face-centered packing, ψ∞t . Sensitivity of the
effective viscosity to the shear rate increases with the volume fraction of dispersed particles.
At dilute to semi-dilute concentrations (ψ < ψ0t ) Newtonian plateaus exist at both high and
low shear rates. For higher concentrations (ψ ≥ ψ0t ) the viscosity diverges in the low shear
rate limit which corresponds to the presence of the apparent yield stress.
(2.1) and (2.2) for typical low and high applied shear rates. These phenomena also impact
the intrinsic viscosity [η], as will be discussed later. Thus, the threshold packing depends on
the particle shape and size distribution, particle deformation as well as the imposed shear
rate (or shear stress).
2.3.2 Effective viscosity models
It is well documented that both dilute and concentrated suspensions of monomodal solid
spheres under very low shear rates behave like Newtonian fluids (Snabre & Mills, 1999).
Concentrated suspensions subjected to higher shear rates or shear stresses exhibit a non-
Newtonian (shear thinning and thickening) as well as hysteretical behavior (Chong et al.
, 1971). These observations are depicted schematically in Fig. 2.2, where one can see,
for example, the effect of shear rate on the relative viscosity of shear thinning suspensions
18
(or emulsions). Particles adopt a denser packing configuration as they are sheared more
vigorously. The shaded area in Fig. 2.2 highlights the region where a yield stress τ0 appears.
The yield stress develops when the concentration of particles ranges between the density of
a very loose random packing, ψ = ψ0t , and the face-centered-cubic volume fraction, ψ = ψ
∞
t .
As an illustration of the variability in effective viscosity, different experimental data for
relative viscosity of dilute and dense suspensions of rigid spherical particles are compared in
Fig. 2.3. These data are measured under different conditions, such as different apparatus,
shear stress or shear rate, and different particle sizes (Maron & Levy-Pascal, 1955; Maron
& Shiu Ming, 1955; Rodriguez et al. , 1992; Mueller et al. , 2010; Boyer et al. , 2011). One
observes that, at low concentration ψ < 0.2, all datasets collapse on each other. However,
in intermediate and concentrated regimes, a scatter is observed, which indicates that these
different experiments cannot be captured by a single effective viscosity-volume fraction
curve.
The differential effective medium (DEM) theory (Norris et al. , 1985) approach is widely
used to approximate the effective viscosity of concentrated complex fluids. The DEM theory
does not explicitly solve for the interaction between particles, but offers a good parame-
terization for the steady state effective viscosity of suspensions and emulsions (Mooney,
1951; Brinkman, 1952; Roscoe, 1952; Krieger & Dougherty, 1959; Mendoza, 2011). For con-
centrated systems, Pal (2003b, 2004) employed the Differential Effective Medium (DEM)
theory to determine phenomenologically the relative viscosity for elastic solid particle sus-
pension (λ → ∞) and bubbly emulsion (λ → 0). Pal (2003c) developed a more general
model for concentrated emulsions with different viscosity ratio and deformable particle us-
ing the analogy between shear modulus and shear viscosity. In all these studies, different
interpretations are used to define the change in the volume available for adding particles
(termed ”free volume” by Robinson (1949)), which leads to different models.
The model proposed by Eilers (1943) (see Table 2.1) performs well to evaluate the rel-
ative viscosity of suspensions with spherical particles at high shear rates. In essence, this
equation accounts for the effective volume of particles through the maximum packing frac-
tion ψt, but does not consider that suspensions occupy a finite volume. As a consequence,
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Figure 2.3: Relative viscosity of suspension of rigid solid particles as a function of particle
volume fraction. Filled markers from Maron & Levy-Pascal (1955), open markers from
Maron & Shiu Ming (1955), bold squares from Mueller et al. (2010), bold circles and stars
from Rodriguez et al. (1992), and bold triangles from Boyer et al. (2011). The bold line
show the prediction of a sample rheology model (Eq. (3.49) using ψt = 0.633), see next
chapter.
it slightly underestimates the relative viscosity of concentrated suspensions over a wide
range of shear rates. Mooney (1951) noticed that in concentrated suspensions some of the
fluid phase is trapped between particles and is immobile. From this observation, he defined
the concept of crowding which describes the interaction among particles and the trapped
dead fluid. He derived his well-known rheological expression, using a bimodal suspension
of spherical particles, arguing that the sequence of particle addition with which particles of
different sizes should not affect the final viscosity of the suspension.
The equation of Roscoe (1952) (see Table 2.1), commonly referred to as the Einstein-
Roscoe equation is also derived for an unbounded suspension where adding particles does
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not require removing a commensurable amount of host fluid. Maron & Pierce (1956) intro-
duced the concept of varying particle threshold packing limit as a function of shear rates.
In addition, the model of Maron & Pierce (1956) does not retrieve Einstein’s coefficient
(intrinsic viscosity) in the limit ψ → 0, but yields a value of 3 for the intrinsic viscosity.
Krieger & Dougherty (1959) addressed this issue when they represented the exponent by






In practice, the majority of authors use the model of Krieger & Dougherty (1959) as-
suming [η] and ψt are fitting parameters, and neglecting the underlying physics that governs
the exponent.
Brouwers (2010) arrived to his rheology model using a different upscaling approach.
Brouwers (2010) studied the viscosity of bimodal suspensions of spherical particles with
size ratio close to unity to yield an exact analytical closed-form solution for the effective
viscosity of monomodal suspensions.
We schematically summarize the contribution and applicability of several studies (non-
exhaustive) for the rheology of suspensions and emulsions as function of the particle volume
fraction, ψ, viscosity ratio, λ, and capillary number, Ca in Fig. 2.4. For example, the model
proposed by Lim et al. (2004) is suitable for emulsions with ψ < 0.2, λ→ 0 and Ca 1,
while models of Pal (2003a, 2004) cover the entire range of ψ and capillary number within
the limit of λ → 0. This diagram serves to clearly identify regions of the volume fraction,
viscosity ratio, capillary number parameter space that need to be further explored. It also
points to the lack of unified model valid over the entire space. A more complete list of
published equations developed for solid particle suspensions and emulsions along with the
range over which they are deemed applicable is reported in Tables 2.1 and 2.2, respectively.
Theoretical models have been tested and complemented with several numerical and ex-
perimental studies. For instance, experimental studies have provided a great insight into the
role of particles on the suspension rheology (e.g. Rutgers (1962); Rodriguez et al. (1992);
Boyer et al. (2011)) and bubbly emulsion rheology (e.g. Stein & Spera (2002); Manga &
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Figure 2.4: Summary of some of published rheological models and their range of applica-
bility with respect to particle volume fraction, ψ, viscosity ratio, λ, and capillary number,
Ca. See tables 2.1 and 2.2 for more details about published models.
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Loewenberg (2001); Rust & Manga (2002)). Additionally, the role of the viscosity ratio
and capillary number on the viscoelastic properties and rheology of dilute and concentrated
emulsions has been studied extensively by Pal & Rhodes (1989); Pal (1992, 1996, 2001,
2003c). These studies provided many experimental data on the relative viscosity of emul-
sions which will be used in this thesis to validate the accuracy of our new theoretical model
for predicting the shear viscosity in multiparticle systems.
Numerical simulations have also been widely used in the course of the past two decades
to gain more insight into and better constrain the rheological behavior of concentrated
complex fluids. For this reason, several particle-based simulation techniques in two and
three dimensional have been developed. Stokesian Dynamics where the linearized fluid flow
equations (Stokes flow) for all particles in a meshless environment are solved at once has
been intensively applied to study both Brownian and non-Brownian suspensions of solid
particles (Bossis & Brady, 1984; Brady & Bossis, 1988; Sierou & Brady, 2002; Singh &
Nott, 2000). Other numerical particle-based techniques that operate well in the creeping
flow conditions are Dissipative Particle Dynamics (Hoogerbrugge & Koelman, 1992; Boek
et al. , 1997; van der Kooij et al. , 2001; Martys, 2005; Pivkin & Karniadakis, 2005),
Lagrange Multiplier Fictitious Domain (Glowinski et al. , 1999), Double Layer Boundary
Element (Nasseri et al. , 2000), and Representative Elementary Volume methods (Bertevas
et al. , 2010). These methods, in addition to Molecular Dynamics (Doi, 1980; Jabbarzadeh
& Tanner, 2006), were successful to study the effect of microstructures on the rheology of
particle-laden fluid flow at low Reynolds numbers.
Several numerical studies have explored the rheological behavior of complex fluids, when
inertial forces matter (Re > 1) (Patankar & Hu, 2002; Shakib-Manesh et al. , 2002; Miku-
lencak & Morris, 2004; Li & Sarkar, 2005; Srivastava, 2013) where the general conclusion is
that suspensions are shear thickening, and this tendency increases with Reynolds number.
The development of Lattice Boltzmann methods for suspension rheology were first con-
ducted by Ladd (1994); Ladd & Verberg (2001). The Lattice Boltzmann method has then
been combined with several other methods, e.g., Immersed Boundary (Niu et al. , 2006;
Yuan et al. , 2014; Favier et al. , 2014), Smoothed Profile (Nakayama & Yamamoto, 2005;
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Javaran et al. , 2014) and Discrete Element methods Feng et al. (2010); Leonardi et al.
(2014); Zhang et al. (2014); Brumby et al. (2015) to include a better representation for
lubrication forces and hard-sphere collisions and increase the overall method’s robustness
for suspensions modeling.
One of the essential problems in developing an accurate numerical simulation for mod-
eling a variety of concentrated complex fluids, is related to solid-solid and solid-fluid in-
teractions near to and at particle surfaces. The aforementioned numerical approaches are
promising and provide results in agreement with experiments up to 40-50% particle volume
fractions (for sphere suspensions, and the range is smaller for non-spherical particles). At
higher volume fractions because of the difficulty to model the near contact hydrodynamics,
particle-particle interactions and other geometrical effects, these methods are less successful
(Mewis & Wagner, 2009a; Dai et al. , 2013) and need further corrections (see for example
Seta et al. (2014); Lee et al. (2015); Zhang et al. (2015b).
Despite the large amount of studies devoted to the rheology of complex fluids and the
effect of microstructures, e.g. see Fig. 2.4, a complete microscopic/macroscopic description
including all potential processes to model the flow of complex fluids under different shear
conditions has not been provided yet. One of the main reasons for this shortcoming is that
the generalization of processes that take place at different scales (micro to macro-scale) is
difficult.
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Table 2.1: Selected published models to predict the relative viscosity of suspensions of rigid
solid particles and the range of volume fraction over which they intend to be applied.































= 1 + 2.5ψ(1 + 25ψ
4f3
) 1 < f < 2 Up to 10%






1 < f < 2 limψ→ψt
Oliver & Ward (1953)
µψ
µm
= 11−Kψ 2.34 ≤ K ≤ 2.77 Up to 35%
Maron & Pierce (1956)
µψ
µm
= (1− ψψt )




= exp(4.58ψ) — Up to 30%
Krieger & Dougherty (1959)
µψ
µm
= (1− ψψt )




= 1 + 2.5ψ + 10.06ψ2 A = 0.0027 Up to 60%
+Aexp(Bψ) B = 16.6
Frankel & Acrivos (1967)
µψ
µm
= C ′( C
1/3
1−C1/3 ), C =
ψ
ψt




= (1−Kψ)−2.5 K = 1.35 Up to 50%
Batchelor & Green (1972)
µψ
µm
= 1 + 2.5ψ + 5.2ψ2 — Up to 15%









)2 K = 0.75 All range
Barnea & Mizrahi (1973)
µψ
µm
= exp( K1ψ1−K2ψ ) K1 =
5




= (1− 12K0ψ)−2 2.54 ≤ K ≤ 3.71 Up to 50%
Leighton & Acrivos (1986)
µψ
µm
= (1 + Kψ
1− ψ
ψt
)2 K = 1.5 All range
Cichocki & Felderhof (1991)
µψ
µm
= 1 + 2.5ψ +Kψ2 K = 5.00 Up to 15%
Verberg et al. (1997)
µψ
µm
= 1 + 2.5ψ +Kψ2 K = 6.03 Up to 20%
Morris & Boulay (1999)
µψ
µm
= 1 + 2.5ψ(1− ψψt )
−1 — Up to 20%
+ 0.1( ψψt )
2(1− ψψt )
−2
Zarraga et al. (2000)
µψ
µm
= exp(Kψ)(1− ψψt )
−3 K = −2.34 Up to 30%
Cheng et al. (2002)
µψ
µm
= 1+1.5(1+K)ψ1−(1+K)ψ K = ψ + ψ



















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































A NEW MODEL FOR THE RHEOLOGY OF
SUSPENSIONS AND EMULSIONS
3.1 Introduction
This chapter presents a generalized rheological model for suspensions and emulsions of non-
Brownian particles. When the Brownian motion due thermal energy is neglected, the dy-
namics of complex fluids is mainly governed by external body forces, interparticle forces and
hydrodynamic interactions due to the presence of other particles. The first goal, here, is to
present a complete derivation of the macroscopic rheology for both dilute and concentrated
monomodal suspensions/emulsions under simple steady shearing flow conditions. The ef-
fective viscosity is determined from the knowledge of the influence of individual particles
on the fluid flow and the pressure field by taking two volume corrections into consideration.
The first volume correction serves to build a general rheological model for dilute complex
fluids. With this correction, each particle inside the finite volume can interact with all
particles added simultaneously to the system through a decrease in the volume of the am-
bient fluid (finite medium). We then introduce the second volume correction to extend the
model phenomenologically to highly concentrated systems (up to the random close pack-
ing). This correction accounts for the interaction of particles added during the Differential
Effective Medium procedure with particles already present in the system. Therefore, the
second volume correction includes a term that carries the effect of the particle shape and
size distribution as a geometrical constraint on the amount of volume that can be eventu-
ally filled by particles (i.e. the second volume correction accounts for the volume of matrix
trapped in interstices formed by particles through a crowding factor). The second objective
is to generalize the equation for the macroscopic rheology of emulsions applicable for a wide
range of viscosity ratio, capillary number and particle concentration which is missing in the
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literature (see figure 2.4). This general equation shall reduce to the well-known effective
viscosity law developed by Sutherland-Einstein (1906) and Taylor (1932) in the limiting
cases when ψ  1 along with either λ → ∞ or λ → 0, respectively. The third objective
is to provide a regime diagram which illustrates how the effective viscosity for emulsions
depends on the viscosity ratio and capillary number. These regimes constrain the influence
of different parameters on the deformation of particles, and provide insights into transitions
from Newtonian to shear thinning due to the particle deformation.
Note: the content of this chapter is published as:
Faroughi, S. A., & Huber, C. (2015). A generalized equation for rheology of emulsions
and suspensions of deformable particles subjected to simple shear at low Reynolds number.
Rheologica Acta, 54(2), 85-108.
3.2 Physical description
We shall consider two incompressible and immiscible Newtonian fluids forming a matrix
(the continuous phase) and the dispersed phase (a single fluid particle at this stage). The
fluid flow at large distances from the fluid particle satisfies the conditions of a simple steady
straining flow:
u(x) = Υ · x. (3.1)
Here, x denotes the position vector with respect to the origin located at the center of
the fluid particle, and Υ is a given velocity gradient tensor for which the incompressibility
of the matrix imposes trΥ = 0. We shall assume that inertial forces can be neglected (small
Reynolds number, Re 1), and the density of dispersed particles is the same as that of the
matrix. The force balance which governs the equation of motion is characterized by Stokes
creeping equations





where sub/superscript m refers to properties associated with the matrix, σm is the total
stress tensor, pm is the dynamic pressure, I is the unit tensor, and µm denotes the shear
dynamic viscosity of the matrix. um is the velocity vector that satisfies the continuity
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equation, ∇ · um = 0. Similar expressions can be formulated for the fluid flow inside the
particle just by changing the superscript m to d which refers to the dispersed phase. We
assume that the particle deforms due to the shearing. To the first order, the stress that
acts to elongate the particle is proportional to µmΥ where Υ = |Υ| is the magnitude of
the velocity gradient (or the shear rate magnitude) with unit [t−1]. The resisting stress
on the surface of the particle opposing the induced shear stress is of order γ/Rd where γ
is the surface tension, and Rd is the radius of the particle. For the case of a deformable
elastic solid particle, the resisting stress will be proportional to the shear modulus G. The
equilibrium state between these two counteracting surface stresses on the surface of particle
controls the final shape of the particle, and leads to the definition of the dimensionless










for the case of solid particles. The required sets of boundary conditions directly depends
on the order of particle deformation considered. Here, we shall consider a homogeneous
straining flow at a large distance from the center of the fluid particle, along with the
continuity of tangential velocity and tangential components of the stress tensor at the
surface of the particle in order to find the zeroth order of deformation solution (assuming
the particle remains spherical). We can also obtain the first order of deformation solution
by using the discontinuity in normal components of the stress tensor across the particle
surface based on Laplace’s equation. Overall, the velocity, pressure and stress fields outside
the particle are decomposed up to the second order of the particle deformation O(D2) as
follows
ut = u + u0,d +Du1,d +O(D2), (3.5)
pt = p + p0,d +Dp1,d +O(D2),
σt = σ + σ0,d +Dσ1,d +O(D2).
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Here, D is a dimensionless parameter which specifies the amount of deformation (depar-
ture from the spherical shape), and it is proportional to either Ca or Wi number respectively
for fluid particle and solid particle. p is an arbitrary constant pressure at a large distance
from the particle which is normally assumed to be zero. At large distances from the parti-
cle, the zeroth and first order correction terms (parameterized by superscript 0, d and 1, d)
vanish.
3.2.1 Zeroth order deformation
Using the general solution for Stokes equations formulated by Lamb, and considering appro-
priate solid spherical harmonics of degree j (pj & φj) for the exterior fluid, one can express
both velocity and pressure fields. The zeroth order deformation solution was first provided















(ΥS : xx), (3.6)
where ΥS is the normalized pure shear rate tensor (the rate of deformation tensor as the
symmetric part of the velocity gradient normalized by the magnitude of the shear flow).
By applying the aforementioned boundary conditions for the zeroth order, Taylor (1932)



















3.2.2 First order deformation
The solution for a first order deformation can be obtained with the same method, and
by using Laplace’s equation as a proper boundary condition to define the stress jump at
the boundary of the particle (see Frankel & Acrivos (1967, 1970) for more details). The
solid spherical harmonics p−3 are the only functions needed for the integration of the stress
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components over a large volume, owing to the fact that other solid spherical harmonics
vanish. The final result for the solid spherical harmonic reduces to the following expression




























−ΥS · x) · (ΥS · x)
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. (3.9)














 = 0. (3.10)
3.2.3 Second order deformation
To proceed to higher orders deformation, for instance to Ca2, one needs to derive the
complete second-order solutions of the spherical harmonics for the pressure and velocity
fields and an expression for the particle shape. Deriving these solutions following the same
methodology is complex and tedious (Chaffey & Brenner, 1967; Greco, 2002). Alternatively,
Greco (2002) presented an analysis that calls for rotational invariance to find all unknown
fields (velocity and pressure) and the particle shape. According to Greco (2002), one arrives



























where coefficients S1 through S4 depend only on the viscosity ratio and are listed in the
Appendix F of Greco (2002). In Eq. (3.11), Π is the second Rivlin-Ericksen tensor that,
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under simple shear flow conditions, reduces to
Π = 2(ΥS ·ΥA −ΥA ·ΥS) + 4ΥS ·ΥS , (3.12)
where ΥA is the normalized spin tensor (skew-symmetric part of the velocity gradient
normalized by the magnitude of the shear flow).
While Greco (2002) provides a starting point to further develop our model to higher or-
ders of particle deformation, we restrict our derivation to the first order of the deformation
(up to O(D2), therefore the model is theoretically applicable only for small particle defor-
mations). Interestingly, we show below that our model predictions for emulsions sheared
at high Ca are in good agreement with experiments which suggest that the second order
truncation with respect to particle deformation does not introduce significant errors when
extrapolated to high Ca.
The harmonic functions for the case of a matrix including a Hookean elastic solid particle
are obtained with the same methodology to the zeroth order of deformation. For first order
deformations, we replace Laplace’s equation with another stress boundary condition at the
fluid-elastic solid interface (Goddard & Miller, 1967). This is the case even for a fluid particle
which has a infinite viscosity where the spherical shape of the particle is not maintained by
surface tension forces, but rather by its shear modulus G.
3.3 Relative viscosity of a dilute complex fluid
According to Batchelor (1967), the rate of energy dissipation per unit volume inside a
suspension (or emulsion) increases when more solid particles (or fluid particles possessing
high surface tension or shear viscosity) are fed to the system. Therefore, a complex fluids
can be treated as a homogeneous Newtonian fluid of the same average density in a fixed




p (in which V
t
p is the total volume occupied by particles, and V
r
m is
the remaining volume of the matrix) and with viscosity µψ. The stress tensor at any point
of the system (outside particles), σt, is given by








where the primed terms are associated with the disturbance in stress tensor, velocity and
pressure fields due to the presence of particles, and consequently they include both pertur-
bation arising from zeroth and first order of deformation. Namely,
σ′ = σ0,d +Dσ1,d. (3.14)
Besides, the stress tensor for the homogeneous equivalent fluid at any point can be
calculated as
σψ = −pψI + 2µψΥΥS . (3.15)
The equivalence assumption implies the equality of the total rate of work done on the
boundary of the emulsion/suspension, Aψ, in both structures characterized with the stress
tensors defined in Eqs. (3.13) and (3.15).
In previous models (Einstein, 1906; Taylor, 1932; Batchelor & Green, 1972; Goddard &
Miller, 1967; Frankel & Acrivos, 1970; Schowalter et al. , 1968), the matrix is considered
unbounded (infinite volume). Therefore, the excluded volume taken by particles has been
overlooked which results in particles being represented as mass points. These models provide
valuable results only in cases where the particle concentration is low (less than 5%). In this
study, a finite volume for the matrix is considered, however it is assumed large enough to
satisfy the fact that the perturbation of single particles on the flow fields are independent
of each other (no hydrodynamic interactions in the dilute limit). The model, thus, takes
into account the excluded volume of the matrix replaced by particles using a first volume
correction. Using this correction, particles added simultaneously interact by decreasing the
volume available in the ambient fluid. We note that the consideration of a finite volume is
physically more consistent when the model is tested against experiments.
Owing to the fact that the rate of work associated with the isotropic component of the
stress tensors stated in Eqs. (3.13) and (3.15) are the same on the boundary of the physical
domain (far from particles), the equality of the rate of work exerted by the deviatoric
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where n is a outward unit vector normal to the surface. We proceed by transforming the
first two surface integrals into integrals over the boundary of the remaining ambient fluid,
Am, (a surface enclosing the matrix). Thus, by applying the divergence theorem, Eq. (3.17)
























Assuming that equations governing the perturbation in the fluid flow caused by particles





























N is the number of particles fed to the system, and Ap is the surface of a particle.
Integrals in Eq. (3.20) are treated in such a way that it is assumed particles are far apart and
the disturbance they generate does not affect the flow field around other particles. Therefore,
the averaged rate of energy dissipation per unit of volume is calculated only for one particle
and then generalized (linearly summed) to account for the effect of other particles on the
rate of dissipation. This assumption is true only for very dilute suspensions/emulsions
where Vψ → V rm. As a result, the following equation can be retrieved from Eq. (3.18) by a
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simple integration,






ijxknj − 2Υikµmu′ink)dA. (3.21)
The integral in the right hand side of Eq. (3.21) indicates the average additional rate of
energy dissipation caused by a single particle (Batchelor, 1967). To calculate this integral,
we can use the reciprocal theorem developed by Happel & Brenner (2012) or simply replace
Ap by an arbitrary large surface, Aa, enclosing a single particle at its center. For the latter
method, the ambient stress and velocity fields of the fluid disturbed by the presence of this
particle should be considered as well, namely
u′′ = u + u′
σ′′ = σ + σ′. (3.22)






















where V tp = NVp, Using Lamb’s general solution we have





























In Eq. (3.23), the first correction that accounts for the volume taken by particles
appears in the homogenization process. Models which overlook this correction underpredict
the shear dynamic viscosity of the equivalent fluid in a finite system. Therefore, if a set
of particles are added to the matrix (forming a dilute complex fluid), the position of each
particles is restricted by the presence of other particles.
The detailed solution to integrals in Eq. (3.23) can be found in Landau & Lifshitz (1987);
Batchelor (1967) for complex fluid of non-deformable particles and in Goddard & Miller





















where ψ ≡ NVpVψ is the particle volume fraction and
A =






















Equation (3.27) is a special case of simple fluids family of constitutive equations (Schowal-
ter et al. , 1968). We note that the deformation introduces a non-linear relationship between
the stress and the rate of strain. Thus, emulsions/suspensions behave as non-Newtonian





on both sides of Eq. (3.27). In Eq. (3.30), DDt denotes the Jaumann derivative (Goddard &
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has unit of time and is defined as the relaxation time that characterizes the time-dependency
of the flow response to deformation (the time required for a slightly deformed particle to
relaxes exponentially to its spherical equilibrium shape). The value of the relaxation time
diverges as the viscosity ratio approaches to infinity or as surface tension approaches zero.
In a steady and laminar simple straining flow, when α = ΥS , the material derivative
part of the Jaumann derivative, first two terms of the RHS of Eq. (3.31), vanishes. This
simplification is valid even when the Jaumann derivative is applied to the stress tensor
associated with dilute complex fluids subjected to a steady simple shear. For these complex
fluids, fluctuations caused by variation in particle arrangement and deformation far away
from the considered particle remain relatively small, therefore, we expect this simplification
does not affect our model under steady conditions.
By applying the operator defined in Eq. (3.30) to Eq. (3.27), we obtain Eq. (3.33),
τ + ΛΥ
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in which A and B are defined in Eqs. (3.28) and (3.29), respectively. We drop the last
term in Eq. (3.33) to maintain the order of deformation in Eq. (3.33) similar to that of Eq.
(3.27) (second order with respect to Υ).
For a simple steady straining flow with the following dimensionless symmetric and skew-























we can restate Eq. (3.33) in a matrix form, see Eq. (3.34).


τ11 − ΛΥτ12 τ12 + ΛΥ2 (τ11 − τ22) 0
τ12 +
ΛΥ

































(158λ2 + 286λ+ 116) 0 0
0 −(108λ2 + 204λ+ 108) 0




The deviatoric stress components in the direction of the first and second principal axes
are obtained in Eq. (3.35).
τ11 = ΛΥτ12 − µmΛΥ2
(
1 +







τ22 = −ΛΥτ12 + µmΛΥ2
(
1 +




















A simple manipulation of Eq. (3.35) yields an expression for τ12 which can be used to find



















Now by substituting Λ from Eq. (3.32) into Eq. (3.36), and using the definition of the
capillary number in Eq. (3.3), we can recast Eq. (3.36) into the following general equation



























It should be noted again that the model stated in Eq. (3.37) is only valid for a dilute
complex fluid up to the second order of particle deformation for any finite viscosity ratios
and capillary number. Note for the case of infinite viscosity ratio, the fluid particle acts
like a Hookian solid particle and remains spherical because of the large shear dynamic
viscosity, not surface tension. Therefore, another proper set of boundary conditions for the
normal components of the stresses on the surface of the deformed particle should be used
(Goddard & Miller, 1967). Applying the boundary condition of Goddard & Miller (1967)
















for suspensions of elastically deformable solid particles.
We note that at low particle volume fraction, where ψ1−ψ = ψ + O(ψ
2), Eq. (3.37)
recovers the equation of Taylor (1932) using λ→ 0 and Ca 1, the equation of Mackenzie
(1950) using λ → 0 and Ca  1 and that of Oldroyd (1959) using λ → 0 (see table
2.1). Similarly, at low solid particle volume fraction, Eq. (3.39) reduces to the well-known
Einstein-Sutherland law when Wi 1 (see table 2.2).
An extension of rheological model to concentrated systems requires a self consistent
approach to account for particle hydrodynamic interactions. Additionally, for a complex






where ψt is the threshold packing fraction for spherical particles, see section 2.3.1. We note
that in the case of emulsions including deformable fluid particles, the relative viscosity at
ψ = ψt exhibits considerable increase but does not diverge (Pal, 2000), however to the first
order deformation for emulsions of slightly deformable fluid particles, we will assume that
Eq. (3.40) still holds.
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3.4 Extension to concentrated complex fluids
We use a phenomenological approach based on the Differential Effective Medium (DEM)
method (Norris et al. , 1985) operating in a fixed volume to extend our model to high
concentration systems. The DEM approach is an incremental method in which, at each
conceptual step, a few particles are introduced into the suspension/emulsion and interact
with particles present in the medium. The homogenized macroscopic property (effective
viscosity) is then computed for the whole system. It should be noted that the Differential
Effective Medium theory is physically appropriate only in the case where the incremen-
tal addition is sufficiently sparse that it does not form a preferential connected network
throughout the system. Due to the first volume correction, particles added simultaneously
can interact with each other. Therefore, we only need to account for interactions between
a new generation of particles and previous generations. We should account for the fact
that this procedure cannot be followed until the entire volume of the matrix is replaced
by particles (ψ 9 1). This restriction arises because of the geometrical constraint dictated
by the shape and size distribution of particles. Firstly, we will extend the model for the
relative viscosity of a dense complex fluid in the case of zeroth order of particle deformation.
Then, we can find an expression for the geometrical constraint by utilizing the packing limit
condition of Eq. (3.40).
3.4.1 Relative viscosity for a dense complex fluid with non-deformable parti-
cles
To start the procedure, we can rewrite Eq. (3.37) in the following form (assuming Ca 1)
µψ
µm







1− ψ . (3.41)
Here ψc is called the corrected volume fraction of particles for the dilute system (first
volume correction). In other words, this volume correction considers the finite space taken
by other particles of the same generation. Based on the fixed volume DEM theory, the
homogenization process is characterized by taking a portion of the ambient fluid out and
replacing it with particles at each step. We define the particle fraction added to the system
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during each step as dψi, and the corresponding corrected particle fraction (effective concen-
tration) added to be ∆ψic. Therefore, the viscosity change of the homogenized equivalent
fluid during step i+ 1 is






where the current value µi represents the matrix viscosity µm and the next value µi+1




1− Ωψi , (3.43)
where ψi is the total volume fraction of particles inside the medium at step i. In Eq. (3.43),
the effective concentration at step i + 1, ∆ψi+1c , introduces the second volume correction
combining the first volume correction ψc and a self-crowding factor parameter denoted by
Ω. This parameter, Ω, is a positive constant that accounts for the fact that particles cannot
fill all the volume of the suspension/emulsion (a geometrical constraint). Theoretically,
this parameter takes the effective volume of particles into consideration knowing that some
fluid located in interstices formed by particles is no longer available to suspend particles.
Ω is called the self-crowding factor because we assume that all particles have the same size
(volume). In general, we argue that Ω is related to the size distribution (assuming small
deformation) through the maximum random close packing concentration, ψt. Substituting











Upon integrating Eq. (3.44) from a system with zero particle and shear dynamic vis-


























The model described by Eq. (3.46) predicts the relative viscosity for a dense complex
fluid at any finite viscosity ratio to the zeroth order of particle deformation. The self-








Based on Eq. (3.47), we find that Ω < 1 if ψt > 0.5. This implies that the added
particle volume fraction, say ψ = a, practically occupies an effective volume of a/Ω. This is
also equivalent to argue that the volume a(1/Ω− 1) of the matrix is trapped in interstitial
spaces between particles.
Substituting Eq. (3.47) into Eq. (3.46) yields the following equation for the relative










For the particular case of a suspension of rigid solid particles (λ → ∞ and G → ∞),










Some of the well-known models in Table 2.1 can be re-derived using the DEM theory
by applying different approaches to characterize particle interactions, i.e. (i) considering
infinite suspensions, and (ii) choosing different infinitesimal volumes of new particles added
over each incremental step of the DEM. The definition of the infinitesimal volume fraction
of particles added at each incremental step in the DEM theory to retrieve these effective
viscosity models are reported in Table 3.1.
Equation (3.49) is plotted for intermediate and high volume fractions of particles re-
spectively in Figs. 3.1 and 3.2 where it is compared to published experimental data and
well-known equations listed in Table 2.1. Figure 3.1 shows a monotonically increasing rela-
tive viscosity with particle concentration. The shaded area in Fig. 3.1 highlights the region
that regroups most of the experimental data. Our model agrees very well with published
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Figure 3.1: Rheology of suspension of rigid solid particles (λ → ∞ and G → ∞). Com-
parison of the model in Eq. (3.49) with previous published models (see Table 2.1) and
experimental data from dilute up to the intermediate particle concentration. The shaded
area highlights the region that regroups most of the experimental data.
Table 3.1: The definition of the infinitesimal volume fraction of particles added at each
incremental step in the DEM theory to retrieve some of the well-known viscosity models.





Brinkman (1952) dψ/(1− ψ)
Krieger & Dougherty (1959) dψ/(1− ψψt )
Mendoza (2011) dψe/(1− ψe), where ψe = ψ/(1− Ωψ)
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experiments for suspensions. One can observe that commonly used models for concentrated
suspensions, like (Krieger & Dougherty, 1959), (Barnea & Mizrahi, 1973) and (Eilers, 1943),
deviate from the experimental data as the particle concentration increases. As mentioned
earlier, ignoring the first volume correction (e.g. (Einstein, 1906)) results in underpredicting
the shear viscosity of even dilute suspensions. It is also interesting to stress that our model
closely follows the empirical model proposed by Mooney (1951) when the free parameter in
his model is set to 1.35 (see Table 2.1). In Fig. 3.2, the relative viscosity predicted with our
model Eq. (3.49) is plotted for dense systems up to the packing limit ψ → ψt, and shows an
excellent agreement with experimental data. Here again the shaded area indicates the range
observed in experiments. Over this range of particle concentration (0.35 < ψ < 0.6), we ob-
serve that models that do not include the volume corrections discussed above underpredict
the relative viscosity by up to two orders of magnitude. As a note, we emphasize here that
the model does not include free parameters to fit the data and that we used ψt = 0.637
which corresponds to the volume fraction for the random close packing of spherical particles
under static conditions.
We compare the model in Eq. (3.48) with published data for dense emulsions in the
limit of Ca→ 0. The predicted value of the relative viscosity as function of particle volume
fraction is depicted in Fig. 3.3 for an emulsion of non-deformable fluid particles where λ→ 0
(bubbly emulsion). Similarly to the results for solid suspensions in Fig. 3.1, we observe
that the relative viscosity increases monotonically with volume fraction, but with a smaller
rate than for solid particles. Based on Fig. 3.3, one can see that our model performs very
well to reproduce experimental data in the limit of λ → 0. Predicted results from other
well-known models reported in Table 2.2 that are applicable to this range of ψ, Ca  1
and λ → 0 are also depicted in Fig. 3.3 for comparison. Figures 3.1-3.3 clearly show the
importance of considering a finite volume (the influences of the first volume correction in the
range of dilute emulsions ψ < 0.15) and defining an appropriate self-crowding factor (second
volume correction) to improve the model’s ability to describe interparticle hydrodynamic
interactions at high volume fraction.
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Figure 3.2: Rheology of suspension of rigid solid particles (λ → ∞ and G → ∞). Com-
parison of the model in equation (3.49) with previous published models (see table 2.1) and
experimental data at intermediate to high particle volume fraction.
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Figure 3.3: Rheology of emulsion of non deformable inviscid fluid particles (bubbly emulsion
where λ→ 0 and Ca 1). Comparison of the model in equation (3.48) with existing models
(see table 2.2) and published experimental data.
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3.4.2 Relative viscosity for a dense complex fluid with deformable particles
To extend our model to concentrated complex fluids with deformable particles, we shall













in which L = ΥRd/σ and
N = 1 + 2.5λ
1 + λ
, M = 140(λ
3 + λ2 − λ− 1)
28(2λ+ 3)(λ+ 1)2
. (3.51)
Applying the same procedure (fixed volume DEM theory) to Eq. (3.50) leads to the













1− Ωψ . (3.52)
Upon integrating this equation with respect to the volume fraction from zero to ψc, with

















Alternatively, defining fµ(ψ, λ,Ca) = µψ/µm and Ca = Lµm, Eq. (3.53) can be restated














We note that for bubbly emulsions (where λ→ 0, N = 1, M = −5/3 and κ = (6/5)2),
the left hand side of Eq. (3.54) reduces to the phenomenological equation of Pal (2003a).
Further, for non-deformable particles, Eq. (3.54) reduces to Eq. (3.48) or (3.49) that have
been successfully compared with experiments in Figs. 3.1 to 3.3.
To validate the effective viscosity model for emulsions of deformable particles defined
in Eq. (3.54), we compare it with experiments conducted by Rust & Manga (2002) for
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bubbly emulsion (λ → 0) over intermediate capillary number ranges (small deformation)
and relatively dilute systems with ψ = 0.115 and ψ = 0.163, respectively (see Fig. 3.4(a-
b)). Based on these comparisons, one can see that using ψt = 0.637, our model provides
a satisfying fit to experimental data. In addition, in panels (c) and (d) of Fig. 3.4, we
show that Eq. (3.54) is in excellent agreement with experiments conducted by Stein &
Spera (2002) at high shear rate (high capillary number) for relatively concentrated bubbly
emulsions of ψ = 0.29 and ψ = 0.45. These results suggest that the errors associated with
neglecting higher orders of particle deformation have a limited impact on the rheology of
emulsions at (Ca 1).
For complex fluids containing deformable particles, the physics of interactions between
particles becomes more complicated when the particle volume fraction approaches or exceeds
the maximum random close packing. Dense complex fluids have displayed elastic and plastic
behavior at small and large strains, respectively. Even at very low shear rates, high particle
concentration leads to deformation, possibly coarsening and drainage phenomena (Bénito
et al. , 2008). It should be emphasized that our rheological model defined in Eq. (3.54) does
not account for these processes such as plastic flow resulting from particle rearrangements
and compaction, aging and yield stress. Our model is therefore limited to volume fractions
below the random close packing, ψt. Nevertheless, Eq. (3.54) provides a valid rheological
model for 0 ≤ ψ < ψt) over any of finite viscosity ratio and capillary number.
The relative viscosity as function of the capillary number predicted by Eq. (3.54) for
two viscosity ratios λ = 0 and λ = 1.1 and different particle volume fractions is plotted in
panels a-b of Fig. 3.5. We distinguish three regions: i) the relative viscosity is constant
at low values of capillary numbers (Ca ≤ 10−3), ii) the relative viscosity decreases over
intermediate values of capillary numbers (10−3 < Ca < 10), and finally, iii) the relative
viscosity is constant again at high values of capillary numbers (Ca ≥ 10). Furthermore, the
viscosity ratio exerts a significant control on the viscosity of emulsions. For instance, based
on the relation between the relative viscosity and capillary number in the limit of λ → 0,
(Fig. 3.5(a)), we observe that at capillary number values smaller than a critical capillary
number (where curves intersect each other), the relative viscosity is greater than unity
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Figure 3.4: Rheology of emulsion of deformable inviscid fluid particles (λ→ 0) versus cap-
illary number. Comparison between our model (solid line), containing no fitting parameter,
and experimental data for four different measured particle concentrations.
Figure 3.5: Relative viscosity, fµ = µψ/µm, as a function of capillary number for different
particle concentrations calculated with (3.54) for a system where (a) the viscosity ratio is
zero (bubbly emulsion) and, (b) the viscosity ratio is λ = 1.1. Our model predicts that
a critical capillary number exists only when the viscosity ratio λ < 1, while for emulsions
with λ > 1, the effective viscosity is greater than that of the ambient fluid for all Ca.
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(fµ > 1), and its value increases with particle concentration. At higher capillary numbers
an opposite trend is captured where the relative viscosity is smaller than one (fµ < 1
), and higher particle concentration leads to lower relative viscosity. All curves intersect
at a critical capillary number where the viscosity of the system is independent of particle
concentration, and is equal to the viscosity of the matrix (fµ = 1). This behavior does not
exist for the system shown in Fig. 3.5(b), where the viscosity of the matrix is slightly smaller
than that of the dispersed phase (λ = 1.1). In this case, the relative velocity is greater than
one (fµ > 1) over the entire range of capillary number. At small capillary number, the
force associated with capillary stresses controls the resistance against deformation, and a
higher particle concentration (greater surface area) results in a greater macroscopic shear
viscosity for the emulsion. At high capillary number, the resisting force against deformation
is mostly controlled by shear stresses (Fig. 3.5(b)). As a consequence, introducing more
particle does not significantly affect the overall viscosity of the emulsion.
Interestingly, the relative viscosity is more sensitive to the capillary number in the
intermediate regime (Fig. 3.5(b)), and this sensitivity is enhanced at higher particle con-
centration. It suggests that shear thinning occurs dominantly when 0.1 < Ca < 1, and
that the reduction in viscosity is greater at higher particle concentration. Zinchenko et al.
(2003) observed a similar behavior for λ = 1 using a hybrid approach between a boundary
integral method and a multi-pole approach.
The relative viscosity of emulsions behaves differently for different combinations of the
viscosity ratio and capillary number at a given particle concentration. This interesting
behavior captured by Eq. (3.54) is demonstrated in Fig. 3.6(a-b). These results suggest
that the capillary number does not have a comparable effect on the dynamics of the problem
over the entire range of viscosity ratio. At low viscosity ratio (λ < 10−1), the effect of
the capillary number remains constant and then increases gradually until it reaches unity
viscosity ratio (λ = 1) at which the capillary number exerts the greatest influence on the
viscosity of the emulsion (maximum possible shear thinning). For viscosity ratios λ > 1,
the effect of the capillary number decreases. At high viscosity ratio (λ > 103), the capillary
number plays a negligible role on the rheology of emulsions (Fig. 3.6(a-b)). In addition,
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Figure 3.6: The effect of the capillary number and viscosity ratio on the relative viscosity
at a constant particle volume fraction ψ = 0.4; (a) shows that increasing the viscosity
ratio results in an increase in relative viscosity up to a point (λ > 103) beyond which
increasing viscosity ratio does not affect the relative viscosity. Also the sensitivity of the
shear thinning behavior to viscosity ratio first increases from zero to unity, and then as
viscosity ratio increases the shear thinning behavior decreases. The shear thinning behavior
vanishes for systems where λ > 103. (b) shows the effect of the capillary number in different
viscosity ratios. We observe that the effect of the capillary number on the relative viscosity
is maximum around the critical viscosity ratio, and decreases as the viscosity ratio increases.
at λ > 103, the relative viscosity of emulsions for a given particle volume fraction does
no longer depend on the viscosity ratio. This effect is clearly depicted in Fig. 3.6(b). It
suggests that when the shear viscosity of the dispersed phase is much greater than that of
the matrix, the deformation of the particle is no longer controlled by surface tension (and
consequently the capillary number). Under these conditions, the physical property that
acts to keep the particle’s shape spherical is the shear viscosity of the dispersed phase.
For solid suspensions, λ → ∞, of elastic particles (Hookian particles), the deformation
is controlled by the Weissenberg number. The rheological behavior of these concentrated
suspensions is also obtained by applying the fixed volume DEM theory along with the
















which is a non-linear equation in terms of the relative viscosity, fµ. As expected, the rela-
tive viscosity of a suspension including Hookian solid particles increases as more particles
are fed to the system. At a fixed particle volume fraction, when the Weissenberg number in-
creases (i.e. particles deform), shear thinning behavior occurs. The shear thinning behavior
decreases as the particle shear modulus increases, and at G → ∞ the suspension behaves
like a Newtonian fluid. It is also worth mentioning that Wi = 0.816 calculated based on
Eq. (3.55) is a critical Weissenberg number at which the shear viscosity of the deformable
solid suspensions is independent of the particle volume fraction, and it is equivalent to the
shear viscosity of the matrix.
3.5 Regime diagram
The macroscopic responses of emulsions to shear, and more specifically the role of λ and
Ca observed in Figs. 3.5 and 3.6, suggest that there should be a set of critical numbers
that controls transitions in the behavior of the relative viscosity. Based on Eq. (3.54), we
can deduce that a critical capillary number, Cacr, at which the viscosity of the emulsion
is identical to that of the matrix and hence is independent of the particle volume fraction
satisfies
N +MκCa2cr = 0. (3.56)
Equation (3.56) has a real and physical root only in cases where M < 0, owing to
the fact that N and κ are always positive. For a bubbly emulsion, λ → 0, the critical
capillary number is found to be 0.645 (Fig. 3.5(a)), while for a complex fluid where λ ≥ 1,
the relative viscosity is always a function of the particle concentration. In other words,
there is no critical capillary number for such system (because M > 0) as depicted in Fig.
3.5(b). Thus, the presence of the critical capillary number strongly depends on the viscosity
ratio between the two phases which controls the sign of the parameter M. Following this
assertion, we define the critical viscosity ratio λcr such that M(λcr) = 0. Therefore, the
critical viscosity ratio satisfies
λ3cr + λ
2
cr − λcr − 1 = 0, (3.57)
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which has only one real physical root, λcr = 1. For λ < λcr a critical capillary number exists
and consequently a behavior similar to that shown in Fig. 3.5(a) will be expected. For a
viscosity ratio greater than λcr, the behavior of the complex fluid (the relation between the
relative viscosity, capillary number and the particle concentration) will be similar to that
displayed in Fig. 3.5(b). Note that the critical viscosity ratio and capillary numbers are
independent of the particle volume fraction.
We summarize the prediction of our rheological model for the relative viscosity of emul-
sions as function of the viscosity ratio λ and capillary number Ca in a regime diagram in
Fig. 3.7. This regime diagram includes three regions A, B & C, which are delimited by the
critical numbers discussed above. In the region where the viscosity of the dispersed phase is
greater than the viscosity of the matrix (region A in Fig. 3.7 where λ > λcr), the viscosity
of the emulsion is always greater than the viscosity of the matrix for any given particle
concentration. In this region of the diagram, the high viscosity of the dispersed phase gen-
erates a resisting stress that balances the shear applied on the surface of the particles. We
note that increasing the volume fraction of particles results in an increase in the effective
viscosity of the emulsion.
As the viscosity ratio of the emulsion decreases below the critical viscosity ratio λcr = 1,
two opposite scenarios emerge for the relative viscosity depending on the capillary number.
When the capillary number is smaller than its critical value Cacr (region C in Fig. 3.7
where λ < λcr and Ca < Cacr), the viscosity of the emulsion is greater than the viscosity
of the matrix. The large capillary stresses between the two phases strongly oppose particle
deformation. On the other hand, when the capillary number increases beyond its critical
value (region B in Fig. 3.7 where λ < λcr and Ca > Cacr), the viscosity of the emulsion is
lower than the viscosity of the matrix. This reduction is more pronounced as more particle
are fed to the system (see Figs. 3.5(a) and 3.7). This shear thinning behavior results from
the accommodation of most of the induced shear stress by low viscosity and deformable
particles. Finally, considering a viscosity ratio smaller than λcr and a capillary number
equals to that of determined by Eq. (3.56) for that specific viscosity ratio (Ca = Cacr |λ),
the viscosity of the emulsion is identical to the viscosity of the matrix regardless of particle
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Figure 3.7: A regime diagram constrained by the critical viscosity ratio (λcr) and critical
capillary number (Cacr) shown by solid lines. In region A, where the viscosity ratio is bigger
than λcr, the relative viscosity is always greater than unity. While at smaller viscosity ratio
(λ < λcr), regions B & C, there is a critical capillary number determined by Eq. (3.56)
at which a transition in the macroscopic rheological behavior occurs. Right at Cacr, the
relative viscosity is always unity and is independent of the particle volume fraction. In region
C, where Ca < Cacr the relative viscosity is greater than unity, whereas at Ca > Cacr the
shear viscosity of the emulsion becomes lower than that of matrix (region B). The dashed
line separates regions where different parameters control the stress partitioning between the
matrix and particles, and the shape of the fluid particles (deformation), surface tension in
region a© and shear viscosity of the dispersed phase in region b©.
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concentration. From Fig. 3.7, we can also observe the limiting behavior of the relative
viscosity at λ = λcr and γ → 0 where the two phase fluid flow actually reduces to a single
phase flow. In this scenario, the shear viscosity of the emulsion is independent of the particle
concentration and morphology, and hence the critical capillary number approaches infinity.
This regime diagram can be interpreted differently by highlighting four regions as shown
in Fig. 3.8. The solid lines that delimit these regions represent transitions in the general
rheological behavior (Newtonian or non-Newtonian) of emulsions. In region 1©, the resis-
tance to deformation of fluid particles is controlled by surface tension, γ. According to Fig.
3.5, at Ca 1 where the capillary stresses are important, an increase in the viscosity of the
emulsion is expected. Therefore, at low capillary numbers (region 1©), emulsions behave
like a Newtonian fluid, i.e. the shear dynamic viscosity of the emulsion is independent of
the strain rate for a given particle volume fraction. When the capillary number increases
beyond Cacr, the emulsion displays a non-Newtonian behavior indicated by region 2© in
Fig. 3.8. This implies that an increase in the strain rate leads to a decrease in the viscosity
of the emulsion). We observe that the range of capillary number over which shear thinning
occurs is the broadest at λ = 0, and decreases as the viscosity ratio increases. However,
it is worth mentioning that for a given particle volume fraction the amount of viscosity
reduction due the shear thinning is the greatest at λ = λcr. This range shrinks gradually
when the viscosity ratio decreases, and it also decreases significantly as the viscosity ratio
increases beyond λcr as illustrated in Fig. 3.6.
In regions 3© and 4© of Fig. 3.8, the resisting force against deformation is dominated
by the shear viscosity of the dispersed phase which tends to keep the particle spherical
regardless of surface tension. Therefore, the viscosity of emulsions in these region strongly
depends on the viscosity ratio and particle concentration. Region 3© is characterized by a
Newtonian behavior for emulsions, however it has lower shear viscosity than that obtained
in region 1©. In the portion of region 3© where the viscosity ratio is smaller than λcr (which
belongs to the region B in Fig. 3.7) the resisting forces imposed by both surface tension and
the viscosity of the dispersed phase are small compared to the external shear force exerted
by the ambient fluid. As a results, particles deform and align with the flow direction. Owing
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Figure 3.8: Same regime diagram highlighting four regions that distinguish different rhe-
ological responses for emulsions. In region 1©, where the capillary stresses between two
phases are important, an increase in the viscosity of the emulsion is expected, and emul-
sions behave like Newtonian fluid. Region 2© illustrates the shear thinning behavior that
occurs when the capillary number at a given viscosity ratio is increased. The largest shear
thinning occurs at λ = 1. Region 3©, where the resistance force against deformation is
dominated by the shear dynamic viscosity of the dispersed phase, is characterized by a
Newtonian behavior for emulsions. However, it has lower shear viscosity than that obtained
for the region 1©. The hatched area (region 4©) represents a region where the value of the
relative viscosity is independent of both capillary number and viscosity ratio and behaves
like a Newtonian fluid.
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to the smaller viscosity of the dispersed phase, as the particle volume fraction increases, the
shear viscosity of emulsions decreases (see Fig. 3.5(a)). Thus in this portion of the regime
diagram, the relative (Newtonian) viscosity is smaller than unity. However, for parts of the
region 3© that belong to region A in Fig. 3.7 (λ > λcr), the relative (Newtonian) viscosity
is greater than unity.
The hatched area (region 4© in Fig. 3.8) represents a region where the value of the
relative viscosity is independent of both capillary number and viscosity ratio (Fig. 3.6(b)),
and emulsions behave macroscopically like Newtonian fluids. Beyond a viscosity ratio of
O(103), the viscosity of emulsions is only controlled by the volume fraction of particles (e.g.
it will be roughly 8.2 and 3.4 times greater than the viscosity of the matrix for fluid particle






N → 2.5, (3.58)
consequently, the non-linear part of Eq. (3.54) vanishes, and the expression to estimate the








which is similar to the relative viscosity of a suspension of rigid spherical particles in (3.49).
It is important to stress that for an emulsion possessing a viscosity ratio exactly equal
to λcr, the model presented here diverges because M(λcr) = 0. Thus, we consider two
emulsions of viscosity ratios λ = λcr + ε and λ = λcr − ε, where ε is an arbitrary small
number. We then determine the relative viscosity of the emulsion by matching solutions in
the limit where ε→ 0.
Our model for the rheology of emulsions (λ < ∞) or suspension (λ = ∞) relies on our
choice for the maximum random close packing ψt. For slightly deformable particles (up to
the first order of deformation) we expect ψt to deviate slightly from its value for the random
close packing of spherical particles. In the majority of published models for monomodal
complex fluids, ψt has been used as a fitting parameter. ψt must be a function of particle
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Figure 3.9: Comparison between our model and published experimental and numerical
data for the rheology of bubbly emulsion (λ → 0) over a range of volume fraction. The
comparison is performed for two bounding values of the capillary number representing
emulsions including non-deformable fluid particles (small capillary number) and deformable
fluid particles (large capillary number) using Eq. (3.54). The dashed line represents the
relative viscosity versus particle volume fraction for a bubbly emulsion at Ca = Cacr.
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Figure 3.10: Relative viscosity versus solid phase concentrations and particle size ratio
(PSR) for bimodal systems obtained from Eq. (3.49). The maximum packing is computed
from Eq. (3.60) where it is assumed that the fraction of the small size particles is 25%.
shape, size distribution and dynamical conditions (order of deformation). However, for
monomodal spherical particles undergoing no or small deformation, which is assumed to
be the case here, it should remain mostly constant. We test this hypothesis by comparing
the predictions from our model, Eq. (3.54) with the experimental and numerical data
published in Lejeune & Richet (1995); Stein & Spera (2002); Pal (2004) and Manga &
Loewenberg (2001) in Fig. 3.9 . These datasets for bubbly emulsions (λ → 0) provide
useful test for our model in the limit of non-deformable (Ca = 10−4) and highly deformable
bubbles (Ca = 104). As shown in Fig. 3.9, both limits are successfully modelled by
our model Eq. (3.54) using a fixed maximum packing ψt = 0.637, corresponding to the
random close packing of uniform spherical particles. The model developed by Pal (2003a)
(model 4) fits these datasets with a varying maximum random packing limit that increases
significantly with Ca (ψt is changed from 0.54 to 0.7). In Fig. 3.9, we also show the relative
viscosity of bubbly emulsion predicted by our model at Cacr to highlight the transition in
the rheological behavior across Ca = Cacr, and the fact that at Ca = Cacr the relative
viscosity is independent of particle concentration.
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3.6 Poly-disperse complex fluids
Providing a theoretical value for ψt in poly-disperse emulsions/suspensions is more chal-
lenging because the void space between large particles can be filled by smaller particles.
This causes ψt to reach a higher limit in poly-disperse complex fluids. Therefore, we expect
to observe lower effective viscosities in poly-disperse suspensions/ emulsions compared to
monomodal systems for a given volume fraction (below ψt). For a poly-disperse system
(with a wide range of particle sizes), the particle size distribution and the particle size
ratio have significant impact on the rheological behavior of the system. The greatest ef-
fect of polydispersity occurs when the modality is changed from monomodal to bimodal,
subsequent modality changes have lesser influences on rheology (Farris, 1968).
Experiments on bimodal suspensions reported by Chong et al. (1971) at constant frac-
tion of smaller size particles revealed that the effective viscosity decreases as the size ratio
of spheres (small to large) decreases. They also showed a negligible reduction in the shear
viscosity when the particle size ratio decreases below 0.1 (Chong et al. , 1971; Stickel &
Powell, 2005). For bimodal suspensions of any size ratio, the largest fraction for the ran-
dom close packing (and hence the minimum relative shear viscosity) in a fixed volume of
total particles occurs when suspensions consist of 65% to 80% large particles, or in other
words, 20% to 35% of the total particle volume fraction is made of small particles (Stickel
& Powell, 2005). Quemada (1977) discussed that for a highly poly-disperse complex fluids
ψt approaches unity, because the broad distribution of particle sizes decreases the void ratio
to a negligible value. It is important to stress that, using poly-disperse size distribution,
we can produce an emulsion/suspension possessing a fixed shear viscosity but with various
amount of particles. For example, in a bimodal suspension, the particle concentration can
be increased while maintaining the shear viscosity fixed by varying the size ratio. This is
illustrated in Fig. 3.10 where we compare the relative viscosity for two bimodal suspen-
sions possessing particle size ratio of PSR = 0.35 and PSR = 0.1 and containing 25% of
small particles with a monomodal suspension (PSR = 1). The maximum packing for these
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Figure 3.11: Comparison between experimental data and our model in (3.54) at ψ = 0.5,
Ca → 0 and assuming ψt = 0.9 for the maximum packing of poly-disperse emulsions. The
two insets also show how the relative viscosity of poly-disperse emulsions varies as function
of volume fraction for two different viscosity ratios at Ca→ 0.












the radius of the smaller and larger particles respectively. Other models for the maximum
close packing of bimodal systems with different size ratios and fraction of sizes have been
published recently and can be used alternatively (Qi & Tanner, 2012; Brouwers, 2013).
The maximum attainable packing for bimodal systems is around 0.869, which occurs when
the size ratio (small to large) approaches zero. Therefore, we expect that the maximum
random close packing can be even higher than 0.869 for poly-disperse systems involving
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a broad range of particle sizes where the smaller particles fill void spaces between larger
particles. In Fig. 3.11, we use our rheological model for monomodal particles Eq. (3.54)
and test it against experimental data provided for poly-disperse emulsions at Ca 1. For
this comparison, we use ψt = 0.9 in Eq. (3.54) and plot the results from the model against
experimental data over a wide range of viscosity ratio and particle volume fraction. For
example, the experiments associated with λ = 5.52 (inset of Fig. 3.11), was conducted with
particle sizes ranging from 1 µm to 24 µm (Pal, 2001).
While our model, in the limit of Ca  1, provides satisfying approximation of the
rheology of poly-disperse emulsions by considering a corrected maximum packing limit, a
more rigorous account of poly-disperse dynamics is required to find more accurate results,
and extend the model to predict the relative viscosity of poly-disperse emulsions at (Ca
1). Chapter 5 explores the effect of polydispersity in more details, and provide a theoretical
mean to compute the effective viscosity of poly-disperse and more specifically bimodal
suspensions of spherical particles.
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CHAPTER IV
THE COMPLEXITY OF CONCENTRATED
SUSPENSIONS
4.1 Introduction
As discussed in the previous chapters and in more details in the reviews by Stickel & Powell
(2005); Morris (2009); Denn & Morris (2014); Kalyon & Aktas (2014), microstructures and
their evolution and rearrangement during flow are the main causes for the non-Newtonian
behavior of suspensions. Ness & Sun (2015) also showed that the transitions between
rheological regimes originate from microscopic phenomena, such as the contribution of lu-
brication forces and interparticle forces. For example, Mari et al. (2014) explored the effect
of frictional contact forces, and demonstrated that considering friction at particle contacts
reduces the threshold packing limit and leads to shear thickening. The reason for this phe-
nomenon is that in concentrated suspensions, under high shear rates, more contacts are
formed which leads to a transition from a mostly friction-less to a mostly frictional rheol-
ogy (Mari et al. , 2014; Pan et al. , 2014). However, shear thickening behavior is observed
less frequently for suspensions because of two main reasons: (i) the relative importance of
different stress scales that might be higher for particle interactions than that of confining
stress scale, and thus shear thinning is dominant, and (ii) the range of parameter space
and volume fraction of particles over which shear thickening occurs is small, and rarely
covered by experiments (Brown et al. , 2010). Brown & Jaeger (2014) recently reviewed
the common physical properties of suspensions exhibiting shear thickening, and discussed
different approaches that have been proposed to describe these phenomena.
In this chapter, the most apparent processes that are known to cause shear thinning
behavior in suspensions of solid particles are discussed.
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4.2 Particle size distributions
The rheological models listed in Table 2.1 are originally derived for dense suspensions of
mono-disperse rigid spherical particles. Industrial suspensions, e.g., ceramic and cement
and natural suspensions, e.g., crystal-bearing magmas are polydisperse and include gener-
ally a broad distribution of particle sizes. Therefore, one needs to correct for the threshold
packing limit in order to account for the effect of particles size ratio and size distribution
(Kansal et al. , 2002; Spangenberg et al. , 2014; Shewan & Stokes, 2014; Zhang et al. ,
2015a). As discussed in section 3.6, the most significant effect of polydispersity on suspen-
sion viscosity appears when the modality is changed from monomodal to bimodal, and the
subsequent modality alterations have lesser influence (Farris, 1968). As a consequence, one
may assume, as a first order approximation, that the effect of polydispersity with a narrow
size distribution on the effective viscosity can be described with bimodal models.
In general, there are two distinct methods to introduce the effect of polydispersity
into rheological models. In the first approach, the threshold packing corresponding to
the bimodal (or poly-disperse) suspension, namely ψbt , is substituted into the monomodal















This approach is straightforward and works properly in many cases (Chang & Powell,
2002; Marti et al. , 2005). However, it is not general and does not account for the underlying
physics governing the rheological behavior of bimodal (or polydisperse) suspensions. For
instance, the effect of mutual crowding due to the interference between different particle
size classes is overlooked (Mooney, 1951; Farr, 2014).
The second method aims at incorporating some of the physics associated with the mutual
crowding that takes place between the two size classes specifically at high volume fraction
of particles. This approach is broken up into two categories of models. The first one relies
on the assumption that the particle sizes do not interfere (ζ → ∞ where ζ denotes the
particle size ratio), which in other words means that smaller particles are fully crowded in
the interstices formed by large particles. The viscosity of these bimodal suspensions is then
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calculated as the product of the viscosity of two monodisperse suspensions (Mooney, 1951;
Farris, 1968). Therefore, the relative viscosity of bimodal suspensions of non-interfering
sizes (ζ →∞), namely µbr reads as,
µbr(ψl, ψs) = µr(Ψ1)µr(Ψ2), (4.2)
where µr represents the monomodal stiffening function (models reported in Table 2.1), and




in which ψl = Vl/Vt and ψs = Vs/Vt refer to the actual volume fraction of the large and
small particles, respectively. Vs and Vl also refer to the volume of small and large particles,
respectively, and Vt is the total volume of the suspension.
The second category of models, developed in this thesis and discussed in chapter 5, ac-
counts for the behavior of suspensions with particles having interfering size ratios (particles
of comparable sizes possessing 1 ≤ ζ ≤ 7) through a mutual crowding factor, defined as a
measure of dead and excess fluid, to constrain the rheological response of bimodal systems.
4.3 Particle shape
One of the most complex challenge to construct a predictive rheology model is related
to the textures of suspended particles. In many industrial applications and natural sus-
pentions particles are rarely spherical and display a broad range of aspect ratios. For
non-spherical particles, the study of interparticle forces and hydrodynamic interactions be-
comes more complicated (Brenner, 1974; Kerr & Lister, 1991). At a given volume fraction,
non-sphericity increases the effective viscosity of suspensions when compared to spherical
particle suspensions (Goldsmith & Mason, 1962; Ganani & Powell, 1985). In addition, the
imposed flow field significantly affects the rheology of suspensions of anisometric and irreg-
ular particles because they can orient with the imposed flow Coussot (2014); Rosén et al.
(2015); Philippe et al. (2013). The viscosity of suspensions of non-spherical particles is
also more shear dependent due to an increase in the range between the very loose random
packing at low shear rate, ψ0t , and the highest attainable packing fraction at high shear rate,
ψ∞t . Interlocking between particles occurs at smaller volume fractions when the aspect ratio
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of crystals departs from unity, and a finite yield stress exists over a wider range of particle
volume fraction (see Fig. 2.2).
Several investigations have been devoted to suspensions of spheroids to simulate and ap-
proximate the effective viscosity of suspensions of non-spherical particles (Claeys & Brady,
1993c; Boek et al. , 1997; Bicerano et al. , 1999; Phan-Thien & Pham, 2000). In these stud-
ies, spheroids have been chosen to study non-spherical particles, because of the existence of
analytical solutions in the dilute regime (Jeffery, 1922; Cox, 1970; Mackaplow & Shaqfeh,
1996; Kachanov & Abedian, 2015) and the fact that a wide range of shapes can be parame-
terized with a single factor, the aspect ratio rp = b/a, where a and b are the equatorial and
polar radii, respectively. The shape of particles affects the value of the intrinsic viscosity
and the threshold packing limit (Wildemuth & Williams, 1984; Wouterse et al. , 2007).
It is shown that these two parameters are interrelated, and one needs to study them
separately to quantify their dependence on the particle aspect ratio. The effect of particle
shape is thoroughly discussed in Chapter 6, where a new model is presented to characterize
how particle shape influences the rheology of suspensions.
4.4 Particle deformation and breakage
Another plausible explanation for shear thinning is the deformation of particles in the
suspension. When elastic or viscoelastic particles, that are spherical in a stress-free state,
are in a suspension, deformation and orientation of particles introduce additional stresses
in the suspension. These additional stresses cause a non-linear behavior even in dilute
suspensions. Goddard & Miller (1967) and Roscoe (1967) have proposed rheological models
for the rheology of dilute suspensions of elastic and viscoelastic particles to a first order
approximation for the particle deformation. For a dilute suspension of solid-like elastic
particles (obeying Hooke’s law) under simple shear flow conditions, the equation of Goddard
& Miller (1967), modified to account for the volume correction defined in chapter 3 and to
not violate the lower effective viscosity bound, reduces to,






















is the Weissenberg number and G denotes the shear modulus of the elastically deformable
solid particles.
Roscoe (1967) developed a model for dilute suspensions of viscoelastic particles possess-
ing a finite viscosity µp that is valid only for small deformation. Modifying it to account
for the preempted ambient fluid, this model under simple shear flow condition reduces to
µr = 1 +
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is a dimensionless number characterizing the viscous behavior of particles (Deborah number
that measures the ability of a material to deform by viscous creep). According to Eqs. (4.4)
and (4.6) developed for dilute suspensions, one can conclude that the intrinsic viscosity
for purely elastic and viscoelastic particles is shear rate-dependent, and, consequently, that
elastic and viscoelastic deformation of particles introduces a non-Newtonian behavior (Gao
et al. , 2011; Avazmohammadi & Ponte Castañeda, 2015).
Particle damage and breakage may also contribute as a factor to induce shear thinning.
The transient behavior of the particle size distribution changing in response to shearing,
and its impact on the suspension viscosity is mostly studied in colloidal particle aggregates
(Barthelmes et al. , 2003; Tolpekin et al. , 2004; Song et al. , 2015). Very few investiga-
tion have been conducted for non-Brownian natural suspensions where particles and their
asperities might be capable of breaking at a critical imposed shear stress or shear rate.
As reflected in many monomodal stiffening function (models reported in Table 2.1), the
viscosity of a suspension increases with the particle volume fraction monotonically, and
diverges at the jamming transition where ψ = ψt. This is a true statement if particles are
rigid and the Weissenberg number is not large enough so that particles break. However,
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at high Weissenberg number, the assumption of small viscoelastic or elastic deformation
for particles is no longer satisfied, and particles’ breakage would occur and results in shear
induced modality alteration. This reduction in particle size results in widening the particle
size distribution, and a treatment is required to follow and parametrize the effect of shear
induced modality alteration on the shear thinning behavior of suspensions of solid particles.
4.5 Microstructural rearrangement
The development of microstructures is a complex process, and despite many investigations
(Stickel & Powell, 2005; Mewis & Wagner, 2009b; Denn & Morris, 2014; Van Loon et al. ,
2014; Zia & Brady, 2015), it remains only partially understood to this date. At low shear
rates, the formation of random clustering structures are observed in dense suspensions
of spherical and non-spherical particles (Lin et al. , 2015). Under higher shear stresses
particles adopt a more efficient configuration as they start to align with the flow direction
and form planar structures perpendicular to the velocity gradient. At very high shear
stress, suspensions undergo disordering and dilation because of friction at particle-particle
contacts, which ultimately leads to shear thickening (Brown et al. , 2010; Brown & Jaeger,
2014; Mari et al. , 2014). The influence of particle orientation is obviously more pronounced
for suspensions with elongated particles (Boek et al. , 1997). This effect will be discussed
in details in Chapter 6.
4.6 Shear induced heterogeneities
In synthetic an natural non-Brownian suspensions with complex evolving structures, shear
localization, shear banding and wall-slip or, in general, spatially inhomogeneous flow regions
are frequently observed under deformation (Lejeune & Richet, 1995; Forien et al. , 2011).
Shear banding generally refers to a stress state in the system where two adjoining regions
with almost identical shear stress acquire two different shear rates. This phenomenon is
physically identical to the concept of failure (due to the shear localization in thin regions
of around one order of magnitude larger than grain diameters) in saturated soil mechanics
under simple shear or triaxial compression. For suspensions, shear banding can occur
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by continuum and complex particle level mechanisms. One of the important continuum
mechanisms leading to trivial shear banding is related to the geometrical setup, i.e., the
stress field is inhomogeneous when the suspension is subjected to a pressure-driven flow
within a pipe or two parallel plates and cylindrical couette flow. In uniform shear stress
distributions, for example in planar couette flow, nontrivial shear banding occurs due to
particle level mechanisms such as particle shape, orientation and distribution as well as
the anisotropic network of contact forces especially at concentrated regimes. The presence
of these bands cause a discrepancy between local and global rheology, especially when the
suspension is subjected to shearing flow in geometries with narrow gaps. The trivial and
nontrivial inhomogeneous flow regions must not be, however, confused with the concept of
plug flow, e.g., the flow of Bingham fluids, where one region is flowing and the other part is
stationery due to the yielding behavior. See review by Schall & van Hecke (2009), and more
recently by Divoux et al. (2015) for a detailed description of shear banding in complex
fluids.
It is also often observed that the size of particles close to the shear bands are smaller
than those in the particle-rich regions which shows the role of particle breakage as one
possible cause for shear banding in suspensions. Shear localization is accelerated if the
systems contain a phase which is less resistant to shearing (e.g., the existence of gas bubbles
in the sample under deformation). For example, consider a suspension under shearing
with particle volume fraction close to the threshold packing limit, where neither particle
deformation nor comminution take place. If suspensions undergo shear localization, the
relationship between the shear stress and the shear rate displays a S sigmoidal shape which
results from the development of shear bands where every parts slide past each other as rigid
bodies. The relationship between relative viscosity and particle volume fraction, however,
can not capture this behavior explicitly. The coexistance of multiple local shear rates thus
disqualifies the application of homogeneous flow model to estimate a macroscopic effective
viscosity for suspensions.
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Figure 4.1: Schematic representation of the wall-slip effect. a) Packing of particles in
an unbounded medium. b) Packing of particles near a smooth solid surface that causes
a depletion layer with thickness, δ, close to wall. c) Packing of particles near a rough
solid surface (schematically the roughness is on the order of one particle) that dramatically
decreases the thickness of the depletion layer. d) A magnified look at the velocity profile
versus distance from a smooth solid surface to see the sharp gradient of the velocity in the
thin sheared layer depleted from particles. e) Volume fraction of suspended particles as a
function of the distance from a smooth solid surface where the depletion layer is obvious.
f) Volume fraction as a function of the distance from a rough solid surface that suppresses
the thin sheared layer and produces a more homogeneous suspension.
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4.7 Wall slippage and particle migration
Rheology models do not explicitly account for the effect of solid, confining walls in their
development. At best, it is assumed that the wall acts as a stress or kinematic boundary
condition (imposed strain-rate). In fact, most theoretical models assume either an infinite
suspension or, in limited cases, a finite domain with fixed boundary conditions. Under
natural or laboratory conditions, the viscous suspension is generally bounded either by
solid confining boundaries or in some particular cases (e.g., lava flows) a free surface. Over
the last three decades, the effect of solid boundaries on the flow of viscous suspensions
has received more attention. More specifically, the report of unexpectedly low suspension
viscosity and thixotropy in dense suspensions supports, in many cases, the occurrence of
wall-slip, where a thin lubricating layer depleted in solid particles develops near the solid
boundaries of the apparatus, see Fig. 4.1.
Wall-slip, categorized as a nontrivial shear localization, is actually a misnomer and refers
to particle depletion at the wall, which can seriously impact stress partitioning and the
effective viscosity measured during experiments. For high viscosity suspending fluids where
particle-wall contacts are unlikely under most conditions, slip refers only to an apparent
jump in shear rate at the wall. The layer adjacent to the wall where the shear rate can be
significantly greater than that of the bulk is the slip-layer and its thickness is generally much
smaller than the gap width of the apparatus. Two effects cause particle depletion at the
wall. The first effect is purely geometrical (static). The presence of a straight wall breaks the
homogeneity in the distribution of the dispersed phase, because particles cannot intersect
the boundary (see Fig. 4.1). It creates a depleted layer over a distance comparable to the
size of particles. Because the effective viscosity of the suspension increases with particle
concentration, the effective viscosity of the suspension close to the wall can be significantly
lower than that of the bulk, especially for dense suspensions. For this reason, any rheometer
can experience slip during measurements, but the most vulnerable are those with smooth
surfaces (roughness  particle size). One way to overcome this issue is to use rheometers
with roughened or milled surfaces or with vane geometries (Barnes, 1995; Buscall, 2010;
Carotenuto et al. , 2015).
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The second effect that can lead to wall-slip is dynamic and relates to the propensity
of particles (even non-brownian) to migrate from high to low shear rates when shear rate
gradients are present, i.e., the highly sheared regions contain less particles which in turns
leads to a particle density gradient and inhomogeneity in the flow (de Cagny et al. , 2015).
For non-deformable particles, the stresses that influence particle migration away from walls
remains poorly understood because it violates the flow reversibility at low Re. Migration
of spherical rigid particles has been observed experimentally by Karnis et al. (1966); Arp
& Mason (1977); Gadala-Maria & Acrivos (1980); Hookham (1986); Leighton & Acrivos
(1987) and Graham et al. (1991) and numerically by Spangenberg et al. (2012) and Yadav
et al. (2015). These studies commonly show that there is a difference between global and
local effective viscosity measurements for concentrated suspensions. Huang & Bonn (2007)
explored this effect, and showed that if one accounts for the migration of particles inside
the gap, local and global measurements can be reconciled.
Wall-slip can also be enhanced by gravitational settling (creaming) in suspensions (Barnes,
1995). Leighton & Acrivos (1987) proposed a model where shear-induced diffusion, normal
to the plane of shear, controls particle migration. Another approach is to introduce an
additional stress term in the constitutive equation for the particle pressure, and describe
the migration as a response to the build-up of osmotic pressure gradient next to the solid
wall (Phillips et al. , 1992).
Wall-slip introduces a large error into rheological measurements. The lubricating layer
that forms next to the apparatus wall can be as thick as about 5 particle radii and can
accommodate most of the shear in the suspension. In the most extreme case the velocity
profile through the gap of the apparatus can reach that of plug flows. Buscall et al. (1993)
and others (Barnes, 1995; Buscall, 2010) developed a simple scaling argument to estimate









where δ/l is the ratio of the size of the lubrication layer to the distance that separates the
plates in the rheometer.
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This shows that even for high density suspension, where the slip thickness is generally
at most the size of a single particle, the error can easily reach 99 % because of the contrast
in effective viscosity between the bulk suspension and the suspending fluid. For example,
Barnes & Carnali (1990) measured the viscosity of molten chocolate at 40 degrees C and
found that wall-slip reduces the relative viscosity by up to 7 orders of magnitude at low
shear stresses. In general, wall-slip can lead to a significant underestimation of the viscosity
of suspensions, a parasitic effective shear thinning behavior at intermediate stresses (stresses
lower than that needed to affect microstructure in dense suspensions) and finally an un-
derestimate of yield stress in dense suspensions. Over the last few decades, the rheology
community has been able to establish the conditions that are prone to lead to significant
wall-slip. Those that are relevant for non-Brownian suspensions are (Barnes, 1995; Buscall,
2010)
• the suspension consists of large particles (e.g. non-brownian particles),
• a large dependence of viscosity on the concentration of the dispersed phase,
• smooth walls and small flow dimensions, and
• usually low speeds/flow rates (although centripetal artifactual effects can be seen at
high speeds of rotation).
A good practice to assess the occurrence of wall-slip effects during laboratory measure-
ments of suspension rheology is to report the character of the surface in the apparatus
(rough, smooth), resort to milled surfaces when possible and repeat measurements over
different gap sizes if possible, because the effect of wall-slip decreases as the ratio of the slip
thickness and gap width decreases. For a detailed discussion of the processes that govern
wall-slip and their effect on the measurement of suspensions rheology, readers are referred
to the through review paper of Barnes (1995); Kalyon & Aktas (2014) and the book of
Coussot (2005). One must consider that the presence of such shear induced heterogeneities
(e.g. wall-slip and shear banding) disable the theroretical model to correctly predict the
effective viscosity of complex fluids.
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CHAPTER V
THE EFFECT OF BIMODALITY
5.1 Introduction
The majority of rheology studies on suspensions are conducted to quantify the relative
viscosity of monomodal size distributions. However, in nature and in many industrial ap-
plication, suspensions generally involve poly-disperse distributions. The relative viscosity
of poly-disperse suspensions depends not only on the volume fraction of the solid phase,
particle deformation and induced shear rate, but also on the particle size ratio and particle
size distribution. The previous poly-disperse models (Mooney, 1951; Farris, 1968; Chong
et al. , 1971; Shapiro & Probstein, 1992; Storms et al. , 1990; Poslinski et al. , 1988; Prob-
stein et al. , 1994; Pishvaei et al. , 2006; Qi & Tanner, 2012; Dörr et al. , 2013) mostly
approximate the relative viscosity based on the two approaches explained in section 4.2,
which neglect the interaction between particles of different size classes. The first approach
is to define a crowding factor that accounts for the interaction between different particle
size classes. This idea, first introduced by Mooney (1951), remains poorly constrained.
According to Farris (1968), for non-interfering particle sizes R1 and R2 (R1  R2), the
viscosity of the suspension can be written as the product of two stiffening functions, see
Eq. (4.2) in section 4.2. Farris (1968) argued that by introducing a crowding factor, one
could extend his model to account for the behavior of all interfering size ratios. However, to
date, a theoretical model for the crowding factor and its effect on the rheology of bimodal
suspensions is still missing. In this chapter, a crowding based rheological model including
self-crowding and mutual crowding for bimodal particle size suspensions is developed. The
crowding factor is introduced through a measure of the change in dead fluid volume in the
suspension and is therefore related to the threshold packing limit. The model is valid for
all bimodal suspensions with interfering size ratios (1 ≤ ζ ≤ 7).
Note: the content of this chapter is published as:
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Faroughi, S. A., & Huber, C. (2014). Crowding-based rheological model for suspen-
sions of rigid bimodal-sized particles with interfering size ratios. Physical Review E, 90(5),
052303.
5.2 Theory for crowding based rheological model
We follow the model of Farris (1968) and the idea of Mooney (1951) to define generally the
bimodal viscosity of the suspension as
µr(ψl, ψs) = µr(ψl)µr(ψs) + µr12(ψl, ψs)︸ ︷︷ ︸
crowding effect
, (5.1)
for interfering size ratios. We draw here a parallel between this definition of bimodal
rheology and the field of probability. The crowding factor plays here a role similar to that
of a conditional probability to relate the joint (probability) effect of each individual size
classes to the rheology of a bimodal suspension. The crowding term is therefore a measure
of the interaction between particles of different sizes and its effect decreases as the size
ratio, denoted by ζ, increases. The objective here is to derive a relationship that includes
the effect of crowding to predict the relative viscosity of bimodal suspensions. To this end,
we first suggest a practical model to estimate the threshold or maximum volume fraction
for bimodal system.
5.2.1 Bimodal maximum random close packing
Providing a theoretical value for the random close packing of bimodal systems is one of
the major challenges to quantify the rheological properties of bimodal suspensions. The
mechanical stability condition for monomodal sphere packing starts from the random loose
packing (with the volume fraction around ψ = 0.56) to the face-centered cubic structure
(ψ = 0.74). In bimodal systems, the maximum packing limit depends on the particle size
ratio and individual size fractions, and, therefore, the macroscopic rheological behavior of
these systems is very sensitive to these two parameters.
To quantify the effect of bidispersity on the maximum packing limit, we set up a semi-
theoretical argument that will form the basis of the definition of the mutual crowding factor
later on. The key aspect of the model starts with finding suitable bounds for the maximum
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packing limits for a bimodal suspension where the particle size ratio approaches infinity







ψt + (1− kl)(1− ψt)
]
, (5.2)
where ks = ψs/ψ and kl = ψl/ψ represent the fraction of small and large particles, respec-
tively (note that ψ = ψs+ψl is the total solid phase volume fraction, and thus ks+kl = 1).
The limits in Eq. (5.2) respectively correspond to situations where i) large particles are
dominant and they reach the jamming density (small particles are crowded only in inter-
stices), and ii) small particles dominate the suspension and jam. The two expressions in Eq.
(5.2) match when the fraction of the small spheres is kMs = (1 − ψt)/(2 − ψt) where both
sizes produce jamming conditions. We can predict this singular point and its associated
threshold packing for any finite size ratio by replacing ks and kl respectively by ksfs and
klfl in Eq. (5.2). We refer to fs and fl as contracting factors, and assume they depend
only on the particle size ratio. These contracting factors account for the bed (solid plus
interstices) volume contraction that occurs upon mixing different particle sizes with a fixed
overall volume of solid particles. Contracting factors approach zero when the size ratio ap-
proaches unity, and approach unity when the size ratio approaches infinity. Therefore, we
may assume empirically, that fs(ζ) = (1−ζ−1)α and fl(ζ) = (1−ζ−1)β, where ζ denotes the
particle size ratio (large to small). The exponents α and β are constants that are estimated
by fitting
kMs (ζ) = 1−
fs
fs + fl(1− ψt)
, 1 < ζ ≤ ∞ (5.3)
and its corresponding threshold packing fraction to published experimental and simulation
data (Brouwers, 2013; Biazzo et al. , 2009; Santiso & Müller, 2002; Clusel et al. , 2009;
Kyrylyuk et al. , 2010). Using this mapping procedures, we obtain α = 2.1 ± 0.1 and
β = 1.9± 0.1. In Eq. (5.3), kMs (ζ) expresses the fraction of the small particles at which the
threshold random close packing (where the two limits converge to each other and form a
cusp) occurs for a mixture of hard spheres of size ratio ζ. These points are depicted in Fig.
5.1 with black circles for different size ratios.
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Figure 5.1: Comparison between our theory stated in Eq. (5.4) and published experimental
and numerical data (Brouwers, 2013; Clarke & Wiley, 1987; Kyrylyuk et al. , 2010) for
different values of size ratio (ζ) as indicated. Solid line shows the theoretical value of
packing fraction for infinite size ratio given by Eq. (5.2); and dashed lines represent the value
predicted by our model (Eq. (5.4)) using ψt = 0.633. The block circles show the required
fraction of the small particles for each size ratio in order to have both sizes separately in a
jammed condition.
It is interesting to note that Eq. (5.3) reduces to (1 − ψt)/(2 − ψt) as the size ratio
approaches infinity, while it approaches unity as ζ → 1. Bournonville et al. (2004); Vu
et al. (2010) developed a model where kMs (ζ) approaches zero as the bidispersity vanishes,
ζ → 1. More recently, Brouwers (2013) showed that for small size ratios, ζ ↓ 1, the value of
kMs (ζ) approaches the limit of 0.5, because of the parabolic nature of random close packing
in bimodal systems. The choice of this limit has a small impact on the fitting parameters α
and β, but it is important to note that the relationship between the maximum packing and
ks becomes flat when ζ → 1. As a side note, we report that we tested our rheology model for
bimodal suspensions (discussed later) using our packing model (Eqs. (5.3) and (5.4)) and
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Figure 5.2: Schematic representation of the excess and dead fluid volume in different binary
systems. a) A packed monomodal system of large particles with the bed volume of V B1©, b)
a binary system with a size ratio in the range of 1 < ζ < 7 and bed volume of V Bζ , c) a
binary packed system of non-interacting particles (ζ → ∞) with the smallest possible bed
volume of V B∞ , d) a packed monomodal system of small particles with the bed volume of
V B1©.
compared it to the results obtained similarly but with the packing model of Brouwers (2013)
at small size ratios ζ ↓ 1. We found that the discrepancy in the predicted relative viscosity
remains less than a percent at small size ratios even at high volume fraction. The model
of Brouwers (2013) is more accurate to predict the optimal packing of bimodal suspensions
with size ratio close to unity. However, because of the limited sensitivity of the viscosity
prediction to the location of the cusps at small size ratios, ζ ↓ 1, and the better performance
of Eq. (5.3) over larger size ratios, we decided to proceed with Eq. (5.3) to estimate the
power-law exponents α and β and establish a maximum close packing model for bimodal
systems.
Consequently, one can approximate the maximum packing limit for binary systems of






ψt + (1− flkl)(1− ψt)
], (5.4)
which is plotted against some simulation and experimental data reproduced from (Kyrylyuk
et al. , 2010; Clarke & Wiley, 1987; Brouwers, 2013) in Fig. 5.1. For normalization purpose,
we used the reported value of monomodal packing of ψt = 0.633 and ψt = 0.641 ± 0.4%
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that are reported in (Kyrylyuk et al. , 2010; Brouwers, 2013) and (Clarke & Wiley, 1987),
respectively.
5.2.2 Crowding-based model for effective viscosity of bimodal suspensions
To proceed on the rheological properties of bimodal systems, we need to define a proper
stiffening function which accurately accounts for the self-crowding and microscopical inter-
actions among the embedded equal-sized particles in concentrated suspensions. For this
purpose, one may use any of those models listed in Table 2.1 especially the one proposed by
Mendoza (2011) or the model developed in chapter 3 of this thesis (see Eq. (3.49)) within
which the self-crowding factor is defined as
Ω = (1− ψt)/ψt. (5.5)
As size ratio increases, the amount of trapped matrix, so-called dead fluid (see Fig.
5.2) decreases, and hence more fluid is available to suspend the total particles. Consider
a step-wise construction for a system with total particle volume fraction ψ = ψs + ψl. By
introducing the large particles, we note that the viscosity of the suspension increases by a
factor µr(ψl). The viscosity is further increased if we add the small particles. This increment
is smaller than if the small particles were large, because of the reduction in the dead fluid
volume. The added small particles are homogeneously placed in the available space not
occupied by the effective volume of the large particles, and may frustrate the jamming
network of the large particles. Therefore, particles with interfering sizes feel the effective
volume (particle + associated dead fluid) of each other, and they are crowded mutually (the
addition of small particles also decreases the available free space for the large particles).
When the size ratio between particles increases, the amount of dead fluid trapped between
particles decreases and the effective volume approaches the volume of particles. Following
the model in Eq. (4.2), we aim to find the corrected volume fractions, Ψ1 and Ψ2, such
that Eq. (5.1) reduces to Eq. (4.2) in a way that µr12 is merged into µr(Ψ1) and µr(Ψ2).
These corrected volume fraction therefore should depend on the mutual crowding factor,
Cf , volume fractions of small particles ψs and large particles ψl. In the dilute limit, there
is no dead fluid, therefore, the bimodal system can be interpreted as a monomodal system
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Figure 5.3: Crowding factor variation with respect to the size ratio and small particles
fraction in a binary system computed using Eq. (5.7) where calculations are performed for
ψt = 0.633.
of total solid phase ψ. This highlights that the crowding effect is crucial at high particle
concentrations, where crowding among particles becomes important.
Although Mooney (1951) outlined two different physical trends as function of size ratio
for the crowding factor, we argue that there is a direct relationship between the crowding
factor and the dead fluid volume as shown in Fig 5.2. The crowding factor should depend
on both size ratio and size distribution. For monomodal suspensions of jammed small or
large particles, the amount of the dead fluid is the same, i.e. the same bed volume, as shown
in Figs. 5.2(a) and 5.2(d). At a fixed total volume of particles, as ζ departs from unity, an
excess in the available matrix (excess fluid) is observed as shown in Figs. 5.2(b) and 5.2(c),
i.e. both bed volume and dead fluid decreases. The lowest volume of dead fluid for any
packed binary systems is reached when ζ → ∞ and the small size fraction is kMs (ζ → ∞)
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Figure 5.4: The linear projection of an arbitrary bimodal system of volume particle fractions
ψs and ψl to a new configuration where sizes are not interfering and small particles are in
a jamming state. This transformation conserves the crowding factor (same amount of dead
fluid) and yields a new set of particle volume fractions ψ1 and ψ2 projected on a new
coordinate χs.
as schematically depicted in Fig. 5.2(c). Therefore, we establish crowding as the reduction
in the dead fluid upon mixing two interfering particle sizes. We define the crowding factor
as,
Cf (ζ, ks) =





where V B represents the bed volume, and subscripts refer to different size ratios (see Fig.
5.2). Equation 5.6 reduces to










when the total solid phase fraction remains constant. In Eq. (5.7), ψ′bM∞ represents the
maximum packing fraction for a suspension of non-interfering size ratio, ζ → ∞, at which
the cusp is formed (where the fraction of the small particles is such that both sizes produce
jamming conditions, ks = k
M
s (∞)). This function is plotted in Fig. 5.3 for an arbitrary
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system where ψt = 0.633. We observe that, for each size ratio, the minimum crowding factor
occurs at ks = 0.268 which corresponds to the minimum possible dead fluid. The crowding
factor approaches unity when either ks → 0 or ks → 1. A zero crowding factor represents a
specific situation where each particle size jams without disturbing the monomodal packing
structure of the other size. It also points to the minimum possible dead fluid (maximum
excess fluid) as schematically shown in Fig. 5.2(c). According to Fig. 5.3, as the size ratio
increases, the effect of ks on the crowding factor and hence the dead fluid increases.
To remove the crowding effect, µr12 , from Eq. (5.1), we need to decorrelate the two
particle size classes while conserving the volume of dead fluid. First, we map an arbi-
trary binary system of size ratio ζ with particle volume fractions ψs and ψl to a binary
system of non-interfering size ratio, where the small particles jam. We construct a linear
transformation Π1 : [0, 1] × [0, 1] → [0, 1] × [0, 1] such that the new set of volume fractions
(ψ1, ψ2) = Π1(ψl, ψs) conserve the amount of dead fluid in the suspension (same crowding
factor),
Π1 : (ψ1, ψ2) = (ψl − Cfψl, ψs + Cfψl). (5.8)
This transformation is illustrated in Fig. 5.4. Through this mapping, the size classes
(ζ →∞) and volume fractions change, but it conserves the amount of dead fluid (constant
crowding factor) and hence the rheological behavior of the suspension is not modified. One
can understand the mapping of ψl and ψs into ψ1 and ψ2 as a linear transformation that
decorrelates the two distributions, and removes the effect of the crowding factor arising from
the size ratio. The resultant bimodal suspension is located on a new coordinate system χs,
(along the curve on the right in Fig. 5.4) between the two extreme illustrated in Fig. 5.2(c)
and (d). Along this coordinate, the excess fluid volume of the real suspension (ψl, ψs, ζ)
can be retrieved by performing a second linear transformation (Ψ1,Ψ2) = Π2(ψ1, ψ2) that
conserves the amount of excess and dead fluid in the suspension, but does not necessarily
conserve the total volume fraction. In summary, the transformation Π1 allows us to decouple
the two size classes (ζ → ∞) while Π2 corrects the bed volume for each new distribution
by adjusting the amount of dead fluid that each new particle size fraction traps. Finally,
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Figure 5.5: Relative viscosity in bimodal suspensions. Comparison of our crowding factor
based model results (solid lines) with experimental datasets provided by Poslinski et al.
(1988) for a binary system with ζ = 5.2 and different total solid phase fractions. Solid circles
are extracted from Chong et al. (1971) for relative viscosity of monomodal suspensions at
total solid phase fraction of ψ = 0.6.






1− (1− Cf )ψ1
. (5.9)
These totally decorrelated volume fractions for ζ →∞ can be directly used to compute
the relative viscosity of suspension of interfering sizes using Eq. (4.2).
When ζ = 1, we obtain Cf = 1, Ψ1 = 0 and Ψ2 = ψ2 = ψs+ψl, and the relative viscosity
of the bimodal system computed by this model reduces to that of a monomodal system. On
the other hand, when ζ →∞ and ks = kMs (∞), we obtain Ψ1 = ψl and Ψ2 = ψs/(1− ψl),
which exactly reduces to the formulation proposed by Mooney (1951) and Farris (1968).
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5.3 Results
The ability of our model to capture the effect of bidispersity and crowding on the viscosity
of bimodal suspensions is tested against experimental data conducted by Poslinski et al.
(1988) for a system with ζ = 5.2 over a wide range of total solid phase volume fraction
(0.1 ≤ ψ ≤ 0.6). This comparison is depicted in Fig. 5.5 in which we set ψt = 0.64± 0.5%
following (Probstein et al. , 1994; Poslinski et al. , 1988; Clarke & Wiley, 1987). Figure 5.5
shows the excellent agreement between the proposed theory and the rheology of bimodal
sized suspensions. One can see that the effect of bidispersity is much higher in denser
suspensions where the crowding among particles is important, and the excess fluid plays
a significant role on the relative viscosity of such systems. Previous models like those
recently proposed by Dörr et al. (2013); Qi & Tanner (2012) fit these datasets only at the
lowest volume fractions (low effect of bidispersity), and their model does not provide a good
approximation when the solid phase concentration increases.
In Fig. 5.6, we compare the bimodal viscosity model against the experimental data of
Storms et al. (1990); Shapiro & Probstein (1992) and Poslinski et al. (1988) for bimodal
suspensions with different size ratios. In Fig. 5.7, the contribution of bidispersity as one
of the possible condition that causes an apparent shear thinning behavior is illustrated. In
this figure, the relative viscosity against the total volume fraction of particles is illustrated
for different states of suspensions. We conclude that an increase in modality results in a
reduction of shear viscosity. In summary, particle breakage or any process that affects and
increases the modality of suspensions during the course of an experiment is translated into
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Figure 5.6: Relative viscosity in bimodal suspensions. Comparison of our crowding-based
model results (solid lines) with published experimental datasets for different binary systems.
ψbt for these systems is calculated using Eq. (5.4) with given ψt.



















ζ = 1 → Mono-modal
ζ = 2
ζ = 5



















k = 1 → Mono-modal
k = 0.5
k = 0.25
Figure 5.7: Modality changes, e.g., from monomodal to bimodal, as a possible shear induced
particle level phenomenon causing apparent shear thinning behavior. Left: relative viscosity
as a function of particle volume fraction for a constant size ratio, ζ, and varying percentages
of fine particles, k. Right: relative viscosity as a function of particle volume fraction for a





The rheological behavior of suspensions of non-spherical particle such as spheroids has
attracted less attention, because their properties are more intricate even under dilute con-
ditions (Claeys & Brady, 1993a,b). For a given particle volume fraction, the presence of
non-spherical particles increases the rate of viscous dissipation and leads to a higher shear
dynamic viscosity when compared to a suspension of spherical particles (see for example
Claeys & Brady (1993b); Boek et al. (1997)). The viscosity of suspensions of spheroids
is more shear stress (or shear rate) dependent, because particles can orient with the im-
posed background flow. Consequently, these particular suspensions exhibit a strong non-
Newtonian behavior at high particle concentration. We provide some references for studies
considering spheroid particles in Fig. 6.1(b) and emphasize that they mostly consider dilute
to intermediate particle concentrations (Jeffery, 1922; Goldsmith, 1967; Cox, 1971; Brenner,
1974; Haber & Brenner, 1984; Ganani & Powell, 1985; Kerr & Lister, 1991; Luciani et al.
, 1999; Mueller et al. , 2011). To the best knowledge of the authors, a general model for
the rheology of suspensions of spheroids valid over a wide range of particle volume fractions
and under different imposed shear conditions is yet to be proposed.
Different choices of flow conditions considerably affect the shear viscosity of suspension.
The microstructural rearrangement and evolution that occurs during deformation remains
the most difficult challenge to the development of a predictive model for the rheology of solid
particle suspensions. The present chapter investigates a self-similar behavior in suspensions
of rigid particles, and provides a framework toward the development of a predictive viscosity
model for suspensions of bi-axially symmetric ellipsoids.
Note: the content of this chapter has been submitted for publication as:
S. A. Faroughi and C. Huber. A predictive viscosity model for concentrated suspensions
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Yeo & Maxey (2010) 
Figure 6.1: A non-exhaustive summary of previous studies on the rheology of suspensions
of rigid (a) spherical and (b) spheroid particles and their applicability with respect to the
particle volume fraction, ψ.
of rigid, randomly oriented and bi-axially symmetric ellipsoids, Journal of Rheology.
6.2 Rheology of suspensions with spheroid particles
Starting with a rheology model for dilute regime, we define
µr(ψ) = 1 + [η]
Dψc, ψc =
ψ
1− ψ , (6.1)
where [η]D takes on a value of 2.5 (Einstein, 1906; Batchelor & Green, 1972) for rigid
spherical particles with negligible hydrodynamic and inter-particle interactions. [η]D is the
intrinsic viscosity for suspensions of rigid particles in the dilute limit, and increases as the
particle shape departs from a sphere (Jeffery, 1922; Brenner, 1974; Haber & Brenner, 1984;
Bicerano et al. , 1999; Douglas & Garboczi, 1995). We note that Eq. (6.1) complies with
the lower bound for the relative viscosity (Abedian & Kachanov, 2010).
Non-spherical particles are often approximated to a first order as spheroids (Jeffery,
1922; Brenner, 1974; Bicerano et al. , 1999) with defined aspect ratio rp = b/a where b is
the polar radius and a is the equatorial radius (see Fig 6.2). To quantify the effect of the
particle shape on the intrinsic viscosity for dilute suspensions, one can use the similarity
of effective transport properties in heterogeneous media. To this end, the general equation
developed for the intrinsic electrical conductivity of suspensions of spheroids, [σ]∞, derived
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from the solution of Laplace’s equation can be used to estimate the intrinsic viscosity.
Douglas & Garboczi (1995) determined the constant of proportionality between [η]D and





which provides an estimate of the intrinsic viscosity within an accuracy of 95% (Douglas &
Garboczi, 1995). Using this argument and the exact values determined for [σ]∞ in suspen-
sions of randomly oriented bi-axially symmetric ellipsoids (Douglas & Garboczi, 1995), and
following Bicerano et al. (1999), we suggest an approximation that provides an excellent
fit for [η]D over the range 10−3 ≤ rp ≤ 103,
[η(rp)]
D = 2.5rp (6.3)
+
1012 + 2904rp − 1855r1.5p − 2138.5r2p + 77.94r3p
1497rp + r2p
.
Note that all curve fitting procedures in this study are performed using the solution
of nonlinear least-squares problems based on the iterative Levenberg-Marquardt algorithm
(Lourakis, 2005). We must mention here that the exact values for [σ]∞, and thus for [η]D
following Eq. (6.2), are obtained for dilute suspensions of arbitrary oriented spheroids (i.e.
it is averaged isotropically over the entire range of orientations for both prolate a oblate
particles). Therefore, the value of [η]D can be considered invariant under particle rotation
in the limit of an infinitely dilute suspensions of arbitrary oriented spheroids (Douglas &
Garboczi, 1995). Equation (6.3) is plotted in Fig. 6.2(a,b) to show the effect of particle
shape on the intrinsic viscosity of dilute suspensions.
To extend the rheology model of Eq. (6.1) and (6.3) to concentrated regime of spheroid






where τ is the imposed shear stress, [η(τ, rp)]
C is the intrinsic viscosity equivalent for concen-
trated regimes, and Ω(τ, rp) denotes the self-crowding factor that accounts for the volume
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particles occurs at smaller volume fractions as the aspect ratio departs from unity, and
consequently yield stress exists over a wider range (see Fig. 3).
In the literature, many investigation have been devoted to suspensions of ellipsoids to
simulates and approximate the shear viscosity of suspensions of non-spherical particles.
We use the same approach to extend our model to predict the relative viscosity in sus-
pensions containing anisometric particles. This is because of two main reasons; i) we can
analytically constrain the hydrodynamic properties of ellipsoids, and ii) we can approx-
imate a wide range of shapes from disk-like to rod-like with spheroids using the aspect
ratio, rp = b/a, where b is the polar radius and a is the equatorial radius (see Fig 6).
Anisometric particles change the value of both intrinsic viscosity and threshold packing
limit. These two parameters are inter-related, and one need to study them separately to
quantify their dependence on particles’ aspect ratio. Therefore, to constrain the e↵ect of
the particle shape in a realistic fashion, we first consider very dilute suspensions where we
can take into consideration the e↵ect of particle’s geometry within the intrinsic viscosity.
Then, we extend the approach to concentrated suspensions by modifying the threshold
packing limit.
To quantify the particle shape e↵ect on the intrinsic viscosity for dilute suspensions,
we use the similarity of e↵ective transport properties in inhomogeneous martial. One
can use the general equation developed for the intrinsic electrical conductivity, [ ]1, of
suspensions of spheroids to calculate the intrinsic viscosity. Douglas and Garboczi [1995]
approximately determined the constant of proportionality between [⌘]D and [ ]1 in 3
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where yc = y/(1 y) is the effective volume fraction of par-
ticles, [h(rp)]D is the intrinsic viscosity for suspensions of ani-
sometric particles in a dilute system, and rp = b/a denotes the
aspect ratio of particles where b is the polar radius and a is the
equatorial radius (see Fig 2).
Non-spherical particles are often approximated as spheroids
for the prediction of the rheology of suspensions16,37,42.
Through the similarity between the intrinsic electrical conduc-
tivity and intrinsic viscosity, Douglas and Garboczi 50 deter-
mined the intrinsic viscosity for bi-axially symmetric ellip-
soids with aspect ratio ranging 10 3  rp  103 within 95%
accuracy16. Faroughi & Huber 51 suggest a Padé-type approx-
imant, following Bicerano et al. 16 , for the isotropically aver-
aged intrinsic viscosity in dilute suspensions of spheroids as
[h(rp)]D = 2.5rp (3)
+
1012+2904rp  1855r1.5p  2138.5r2p +77.94r3p
1497rp + r2p
,
that provides an excellent fit to the exact results published
in50. Equation (3) is shown in Fig. 2 for particle aspect ra-
tio 10 2  rp  102 to show the impact of particle aspect ratio
on the intrinsic viscosity.
Faroughi and Huber Faroughi & Huber 28 applied a phe-
nomenological approach based on the differential effective
medium (DEM) theory52 in a fixed volume to extend the va-






where t is the imposed shear stress, [h(t,rp)]C is the intrinsic
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In Eq. (4), yt(t,rp) is the threshold volume fraction at
which jamming occurs and is often referred to as the random
close packing or maximally random jammed state.20,53–57
We note that Brouwers 18 arrived at the same equation as
Eq. (4) using a different approach to that of Faroughi & Hu-
ber 28 . Brouwers 18 studied the viscosity of bimodal suspen-
sions of spherical particles with size ratio close to unity to
yield an analytical closed form solution for the relative viscos-
ity of monomodal suspensions. The agreement between these
two different approaches provides support to Eq. (4), and the
assumptions behind the model developed by Faroughi & Hu-
ber 28 using the DEM theory. Equation (4) is tested against
experimental data conducted with spherical particles, and an
excellent agreement over a wide range of particle volume frac-
tions (0  y  yt ) is found.18,28
Equation (4) provides a definiti n for the state of dispersion
in a solid particle suspension. In the reminder of this study,
we define the state of particle dispersion (or simply state of
dispersion) as the set of state variables that fully control the
relative viscosity of a suspension from our model described
in Equation (4). The two state variables that enter the defini-
tion of the state of dispersion are the self-crowding factor W,
which can alternatively be expressed as a threshold packing
yt (Eq. (5)), and the intrinsic viscosity [h ]C. We should note
that both state variables are individually function of particles
shape, their size distribution and the induced shear rate (or
stress) on the suspension. The individual dependencies and
the inter-relation of state variables of Equation (4) to the par-
ticle shape and imposed shear conditions are discussed in the
following.
The protocol followed to produce particle packing has a
strong impact on the threshold packing volume fraction of
monosized particles. The threshold packing volume frac-
tion in suspension of anisometric particles also depends on
the aspect ratio rp. Under static conditions (low shear rates)
Faroughi & Huber 51 provided wo Padé-type approximants




















particles in the range 10 3  rp  103 which are plotted
against experimental data in Fig. 2.
As the concentration of particles increases, hydrodynamic
and friction interactions become more important. These in-
teractions lead to a higher rate of energy dissipation due to
the inter-particle forces at contacts and viscous forces in the
film between particles (see Fig. 3). In addition, at higher
volume fraction, microstructures, such as particle aggregation
and clustering, can form and evolve in response to the imposed
shear flow. Models based on the DEM theory do not explicitly
account for these complex many-body interactions, e.g. hy-
drodynamic, friction, particle lubrication and microstructure
rearrangement, however DEM has been used successfully to
parameterize the effect of particle interactions on the rheology
of concentrated suspensions.19,28,34,35
In the following section, we use Eq. (4) to parametrize par-
ticle interactions and microstructural evolution based on its
1–12 | 3
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Figure 6.2: Panels (a) and (b) represent the intrinsic viscosity versus aspect ratio for
dilute suspensions of rigid ra domly oriented obla e and prolat spheroids, respectively
(symbols indicate the results of Douglas & Garboczi (1995) with 95% accuracy, and the
solid lines show the fitting model expressed in Eq. (6.3)). Panels (c) and (d) r pr sent the
threshold packing limit for suspensions of rigid oblate and prolate spheroids, respectively.
S mbols show data at very low appli d shearing condi ions (Bice ano et al. , 1999; M eller
et al. , 2010, 2011) as well s the stress-free states (Williams & Philipse, 2003; Donev
et al. , 2004) (as a first order approximation originated from the random close packing of
spherical particles). Solid lines show the fitting models (Eqs. (6.6) and (6.7)) obtained from
experimental and numerical data. Error-bars are only reported in the study of Mueller et al.
(2011), where they considered a finite (small) deviation from the mean aspe t ratio of the
particles. These extent of these error-bars do not affect the best-fit solution shown as a
solid-line.
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where ψt(τ, rp) is the threshold volume fraction.
We note that the the intrinsic viscosity [η(τ, rp)]
C , in Eq. (6.4), is a characteristic prop-
erty of concentrated suspensions. Its value and dependence on the applied shear stress and
particle shape may differ from [η(τ, rp)]
D, although they have often been used interchange-
ably for one another in many studies. A physical understanding of [η(τ, rp)]
C and its relation
to microstructural rearrangement and evolution is not clearly established. One may seek a
quantitative description for [η(τ, rp)]
C only in specific conditions, e.g. assuming [η(τ, rp)]
C
entirely controls the microstructural rearrangement. However, interestingly, [η(τ, rp)]
C ap-
pears in the exponent, and we argue that the exponent characterizes the microstructural
arrangement that particles with a given aspect ratio take under a given applied shear rate.
As such, we seek a closure model for the product Ω−1× [η]C for suspended particles with a
range of shapes (here aspect ratio) and under various shear conditions.
In concentrated suspensions of anisometric particles, particle interlocking occurs at
smaller volume fractions because particles possess a larger orbit of rotation. Therefore,
the threshold packing volume fraction depends not only on the applied shearing condition,
but also strongly on the aspect ratio, rp. This has been verified experimentally (Bicer-
ano et al. , 1999; Mueller et al. , 2010, 2011) and numerically (Williams & Philipse, 2003;
Donev et al. , 2004). Different empirical correlations have been proposed (e.g. see Fig. 3
of Mueller et al. (2011)), and generally shown that the threshold packing decreases with
increasing aspect ratio, rp. However, when there is only a small departure from a spherical
shape, larger values for ψt have been reported (Donev et al. , 2004). We use the available
published data for the threshold packing limit either in the stress-free state (Williams &
Philipse, 2003; Donev et al. , 2004) (as a first order approximation motivated by spheres
packing), and slowly sheared suspensions (Bicerano et al. , 1999; Mueller et al. , 2010, 2011)
to propose approximants to estimate the threshold packing of suspensions of prolate and
oblate spheroids with aspect ratio varying from 10−3 ≤ rp ≤ 103 under low (near zero)
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These fitting curves are plotted against experimental data in Fig. 6.2. Except for the
study of Mueller et al. (2011), the errorbars for the experimental data used in the fit in
Fig. 6.2 were not provided in the original references (see the caption for more details).
The threshold packing of spheroids estimated by Eqs. (6.6) or (6.7) is not invariant with
respect to shear conditions. Therefore, as the shear conditions change (applied shear rate or
shear stress changes), the actual packing limits deviate from that of the equilibrium particle
configuration because of possible particle rearrangement and alignment. The threshold
packing limit increases under higher shear rates as particles align with the direction of shear.
We note that, when different shear conditions are applied to concentrated suspensions,
particle alignment not only affects the threshold packing configuration, but also the intrinsic
viscosity, [η]C .
According to Eq. (6.4), one finds that the microstructural rearrangement and evolution
can be practically captured by the product of Ω−1 × [η]C . In the reminder of this study,
we define the state of particle dispersion (or simply state of dispersion) as the set of state
variables, in addition to the particle volume fraction, that fully characterize the relative
viscosity of a suspension. Thus, the two state variables that enter the definition of the state
of dispersion are [η]C and the self-crowding factor, Ω, which can alternatively be expressed
with the threshold packing limit ψt (Eq. (6.5)). We note that each state variables depends
individually on the particle shape, size distribution and the shear rate (or stress) imposed
on the suspension.
91
Figure 6.3: A schematic representation of the state of dispersion under different regimes
and shear conditions. In the dilute regime, particles are far apart and do not interact
hydrodynamically, and one can readily calculate the intrinsic viscosity for randomly oriented
spheroids using Eq. (6.3). However, for concentrated suspensions, the value of [η(τ, rp)]
C
depends on the state of dispersion, and thus, both [η(τ, rp)]
C and the threshold packing
limit significantly change as particles orient with the imposed flow field.
The alignment of elongated particles under moderate to high shear rates forms particle
layering and leads to an apparent shear thinning, because it increases the maximum packing
threshold, ψt, and, possibly, decreases [η]
C . However, as discussed by Mari et al. (2014),
concentrated suspensions subjected to very high shear rates display shear thickening. The
reason for this phenomenon is that at high shear rates contacts between particles increase,
and lead to a transition from a mostly friction-less to a mostly frictional rheology. The
smooth (continuous) shear thickening, where the relative viscosity of suspensions remains
proportional to the shear rate, occurs mostly in suspensions with particle volume fraction
below the jamming threshold and under the condition of high particle inertia. While,
discontinuous shear thickening, where the shear stress suddenly increases over a narrow
range of shear rates, has been mostly observed in suspensions with negligible particle inertia.
Recently, Ness & Sun (2015) showed numerically that particle friction and particle inertia
are the leading mechanisms causing shear thickening. They found that the frictional shear
thickening occurs mostly in colloidal suspensions, while the inertial shear thickening occurs
in granular suspensions as results of both friction and inertial effects. As such, non-Brownian
suspensions of rigid particles deformed under creeping regimes and below the jamming
condition display more frequently a shear thinning behavior (Stickel & Powell, 2005). Shear
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 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing configuration at zero and very large shear stresses. Therefore, following













where A and m are constant fitting parameters that need to be determined experimen-
tally. The calculation performed by Wildemuth and Williams [1984] on the experiments
of Maron and co-workers revealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. These estimated values are calculated for a series of experiment in
which a tendency to aggregation is reported, therefore we believe that these fitting pa-
rameters are constant for suspensions of non-aggregating rigid spherical particles. To find
the actual value of these parameters, one needs to perform a comprehensive experimental
study on the rheology of spherical non-aggregated suspensions considering all factors that
cause shear thinning. Then, using our model by assuming specified values of  0t ,  
1
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a close approximation for A and m.
Once we have A and m, we have the closed form formulation to predict the viscosity of
any suspension including spherical non-Brownian and non-aggregating particles.
The presented closed form formulation however cannot be used for suspensions of non-
Brownian and non-aggregating particles that possess anisometric shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly. Secondly, Eq. (25)
is not applicable to predict the shear-dependent behavior of the crowding factor, because
there are no strong constraints on  0t and  
1
t for suspensions of irregular shaped particles.
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Figure 6.4: The relative viscosity of suspensi n of rigid sphere articles s fun tion of
particle volume fraction. Panel (a) shows the experimental dat reported by Maron &
Shiu Ming (1955); Maron & Levy-Pascal (1955) (thin filled symbols), Rodr guez et al.
(1992) (bold filled circles and diamonds) and Boyer et al. (2011) (bold filled triangles) under
different shear conditions (see th original papers for discussions he data accuracy).
Under the dilute limit, all data collapse on each other, while a large scatter is observed
in the concentrated regime where suspensi s sh non-Newt i n b h v ors, e.g. shear
thinni g. Panel (b) prov des a schematic illustration for the shear thi ning behavior of
concentrated suspensions caused by particle rearrangement (particle layering and packing
ordering) under higher shear rates. The shaded area highlights a region where a finite yield
stress, τ0, exists.
thinning, also, has been seen often in colloidal suspensions of rigid particles sheared at small
to moderate shear rates (Boek et al. , 1997). As a consequence, here, we limit the discussion
on the inter-dependency of the state variables and the behavior of Ω−1× [η]C only for shear
thinning suspensi ns.
6.3 Behavior of state variables
Based on Eq. (6.4), the intrinsic viscosity of concentrated suspensions, [η]C , and self-
crowding factor, Ω, are individually function of the imposed shear stress and particle shape.
The processes that govern these dependencies are illustrated schematically in Fig. 6.3.
Under dilute conditions, the value of the averaged intrinsic viscosity in the dilute regime,
[η]D, is invariant with respect to the applied shear stress (see Fig. 6.3(a)), and changes
only as function of the aspect ratio Bicerano et al. (1999). For concentrated suspensions,
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the value of the intrinsic viscosity and the self-crowding factor can both vary significantly
because of particle alignment and rearrangement along the direction of shear. As shown
in Fig. 6.3 (b) and (c), when the imposed shear rate (or stress) is increased, particle
clusters can break and cause shear thinning. Therefore, when the shear stress (or shear
rate) imposed on suspensions varies, the state of dispersion is changed and so are the values
of the state variables. Consequently, we propose that the product of Ω−1 × [η]C , and ψt
may provide an adequate macroscopic description of the state of dispersion.
Figure 6.4(a) shows different sets of experimental data (Maron & Levy-Pascal, 1955;
Maron & Shiu Ming, 1955; Rodriguez et al. , 1992; Boyer et al. , 2011) conducted on syn-
thetic sphere suspensions under varying shear condition. The data displays a significant
scatter, especially at high particle concentration. Shear thinning caused by particle rear-
rangement under different imposed shear conditions is often reported as the main reason for
this scattering (Maron & Pierce, 1956; Maron & Levy-Pascal, 1955; Wildemuth & Williams,
1984). Other effects such as wall-slip (Barnes, 1995), particle migration and slight depar-
ture from a monomodal particle size distribution can also affect the scatter observed at high
particle content.
We provide a schematic representation of shear thinning in rigid sphere suspensions at
high volume fraction in Fig. 6.4(b). In suspensions subjected to low shear rates (or shear
stress), particle aggregation or clustering is likely the main cause for the lower threshold
packing volume fraction (relative viscosity diverges at lower particle volume fraction). Ex-
periments show that the lowest fraction of solid phase at which the viscosity may diverge is
the very loose random packing volume fraction, here termed ψ0t . At volume fractions higher
than ψ0t , a finite yield stress appears and the suspension can support a finite external load.
The shaded area in Fig. 6.4(b) highlights the region where yield stress occurs. When the
particle volume fraction due to particle layering reaches the face-centered packing fraction,
indicated by ψ∞t , the yield stress and viscosity of the suspension diverge. At this point,
particles reach a configuration with the highest level of order, and shear shinning no longer
occurs in response to particle ordering or microstructural rearrangement. Increasing the
imposed shear stress may results in dilation (Ness & Sun, 2015) or modality alteration due
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to possible particle comminution (Picard et al. , 2011) which in turn leads to shear banding
(Divoux et al. , 2015; Pistone et al. , 2012).
The shear-dependence of the intrinsic viscosity and threshold packing limit (and by
extension the self-crowding factor) are not new concepts. The effect of the shear rate on
the threshold packing fraction in suspensions has been studied by Maron & Levy-Pascal
(1955); Maron & Shiu Ming (1955), Krieger & Dougherty (1959) and Wildemuth & Williams
(1984). The studies of Maron & Levy-Pascal (1955) and Wildemuth & Williams (1984)
have provided different correlations for the shear dependence of the threshold packing limit.
Bicerano et al. (1999) also formulated the effect of shear rate on both the intrinsic viscosity
and the threshold packing limit. In these classical studies the interrelation between state
parameters is not discussed, in fact, [η]D which is a characteristic property for the dilute
limit is assumed to apply to concentrated suspensions (Lewis et al. , 1949).
To demonstrate the dependence of [η]C and ψt with respect to the applied shear stress,
we use Eq. (6.4) with the experimental data provided by Maron & Levy-Pascal (1955) for
suspensions of latex spheres (Neoprene Type 60 latex). First, we assume that the state
of dispersion is entirely controlled by the threshold packing limit and not by the intrinsic
viscosity, and set [η]C = [η]D = 2.5. We fit our model to find a trend for ψt(τ), and by
extension for Ω(τ). To do the fitting procedure, we plot (µr)
Ω as function Ωψc instead
of the relative viscosity as function of solid particles content, which provides a unique
rheological curve under the assumptions of [η]C = [η]D and ψt(τ). The relative viscosity of
any suspension must follow this unique, monotonic curve, which provides us with values of
ψt for each set of experiments. In Fig. 6.5, we show the results of this analysis, and observe
that ψt increases monotonically with the imposed shear stress as expected.
In order to study the dependence of [η]C on the imposed shear stress, we now assume that
the state of dispersion of particles is entirely controlled by the intrinsic viscosity [η(τ)]C ,
while ψt is fixed to ψt = 0.585 following Boyer et al. (2011). Using Eq. (6.4), we plot
(µr)
(1/[η]) as a function of ψ and retrieve again a unique rheological curve. This fitting
procedure provides us with the modified values of the intrinsic viscosity in the concentrated
limit, [η]C(τ), at different applied shear stresses. These results, reported in Fig. 6.5(b),
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illustrate that the intrinsic viscosity decreases monotonically with increasing shear stress.
The results we obtain in Figs. 6.5(a) and (b) are consistent with the analyses of Wildemuth
& Williams (1984).
In practice, state variables change simultaneously with the shear stress, i.e. the state
of dispersion is controlled by a mixed contribution of [η]C and ψt. Due to the strong
inter-dependency between these two variables, it is difficult to constrain their individual
contribution to the state of dispersion and consequently the relative viscosity of suspensions
subjected to different shearing conditions. Several investigators have made the observation
that the product of the intrinsic viscosity and the threshold packing limit is nearly invariant
with respect to the shear conditions for suspensions of spherical particles (Maron & Pierce,
1956; Krieger & Dougherty, 1959; Wildemuth & Williams, 1984; Bicerano et al. , 1999).
Therefore, one may consider
[η(τ)]C × ψt(τ) ≈ Cst. (6.8)
For suspensions of rigid spheres that are highly sheared, one expects from theory and Eq.
(6.8) that [η]C × ψ∞t = 2.5 × 0.74 = 1.85, if [η]C = [η]D, which is not a valid assumption.
Wildemuth & Williams (1984) suggested that the invariant in Eq. (6.8) takes a value
of about 1.7 by fitting the viscosity model of Krieger & Dougherty (1959) to published
experimental data for suspensions of non-aggregating rigid spherical particles. As discussed
in Chapter 3, the model of Krieger & Dougherty (1959) does not account for the finite
volume of suspensions (underestimates the relative viscosity of suspensions), and does not
satisfy the lower bound for the relative viscosity of suspension (Sevostianov & Kachanov,
2012; Abedian & Kachanov, 2010). The existence of an invariant exponent for the relative
viscosity of suspensions of spherical particles was also suggested implicitly by ? assuming
ψt× [η]C ≈ 2. The discrepency between the aforementioned inferred values for the constant
of Eq. (6.8) may originate from the basis of the viscosity models that assume an infinite
suspension.
We followed the same strategy, but we set the invariant to be the product Ω−1 × [η]C
as suggested by Eq. (6.4). To constrain the product Ω−1 × [η]C for suspensions of rigid
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Figure 6.5: The interrelation between [η]C and ψt with respect to different applied shear
stresses. In panel (a), using Eq. (6.4), we plot the scaled relative viscosity as (µr)
Ω versus
Ωψc, under the assumption of [η]
C = [η]D = 2.5 to retrieve the behavior of threhold packing
with varying the applied shear stress, ψt(τ). The plot shows the dataset of Maron & Levy-
Pascal (1955) for different induced shear stresses that are fitted to the rheological curve
(Eq. (6.4)) rerranged under aforementioned assumptions. We find that higher shear stresses
imply a higher threshold packing limit. In panel (b), using Eq. (6.4), we plot the scaled
relative viscosity as (µr)
[η]−1 versus the particle volume fraction, ψ, under the assumption
of ψt = 0.585 to retrieve the behavior of the intrinsic viscosity for concentrated suspensions,
[η(τ)]C , with varying the applied shear stress. We use the same dataset of Maron & Levy-
Pascal (1955), and observe that [η(τ)]C decreases monotonically as the applied shear stress
increases.
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where A and m are constant fitting parameters that need to be determined experimen-
tally. The calculation performed by Wildemuth and Williams [1984] on the experiments
of Maron and co-workers revealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. These estimated values are calculated for a series of experiment in
which a tendency to aggregation is reported, therefore we believe that these fitting pa-
rameters are constant for suspensions of non-aggregating rigid spherical particles. To find
the actual value of these parameters, one needs to perform a comprehensive experimental
study on the rheology of spherical non-aggregated suspensions considering all factors that
cause shear thinning. Then, using our model by assuming specified values of  0t ,  
1
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a close approximation for A and m.
Once we have A and m, we have the closed form formulation to predict the viscosity of
any suspension including spherical non-Brownian and non-aggregating particles.
The presented closed form formulation however cannot be used for suspensions of non-
Brownian and non-aggregating particles that possess anisometric shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly. Secondly, Eq. (25)
is not applicable to predict the shear-dependent behavior of the crowding factor, because
there are no strong constraints on  0t and  
1
t for suspensions of irregular shaped particles.
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Figure 6.6: A self-similar behavior in the relative viscosity of suspensions of rigid spherical
particles as function of the particle volume fraction under differ t shear stresses. Experi-
mental data of Maron & Levy-Pascal (1955) and Maron & Shiu Ming (1955) are fitted to
th relative viscosity m del described in Eq. (6.9). The state variables vary individually
with the imposed shear stress, however the product Ω−1 × [η]C remains invariant over the
entire range of applied shear stresses.
spheres under different flow conditions, it becomes useful to rewrite Eq. (6.4) as
Π = (1−Ψ)−1, (6.9)
where Π = µ
(Ω/[η]C)
r is the scaled relative viscosity and Ψ = Ωψc denotes the effective
corrected volume fraction; note that 0 ≤ Ωψc ≤ 1. According to Eq. (6.9), we expect that
experimental data (e.g. here we use those reported by Maron & Levy-Pascal (1955) and
Maron & Shiu Ming (1955)) collapse on a unique curve irrespective of the imposed shearing
condition with a constant value of Ω−1 × [η]C .
Figure 6.6 confirms the hypothesis, and show that while the state variables vary indi-
vidually with the imposed shear stress, the product Ω−1 × [η]C remains constants over the
entire range of applied shear stresses. From these analyses for suspensions of rigid spherical
particles, rp = 1, we retrieve
Ω−1(τ)× [η(τ)]C = 4.1± 0.05, (6.10)
for the exponent of Eq. (6.4) (see Figure 6.6).
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It is noteworthy that the value of state variables should be unique at a fixed shear rate
and for a given set of material properties. According to Fig. 6.6, the state variables vary
individually with the imposed shear stress, however the dependence of state variables on
the shear stress are not unique, e.g. at τ = 80 Pa, [η]C admits two different values, 1.825
and 2.643, and the same is true for the crowding factor which is Ω = 0.445 and Ω = 0.645,
respectively. However, the product Ω−1 × [η]C is identical for both sets of experiments.
The disagreement in the values of state variables is expected as the experiments have been
conducted with latex having different thermo-mechanical properties (Neoprene Type 60
latex (Maron & Levy-Pascal, 1955) versus GR-S X-667 latex (Maron & Shiu Ming, 1955)).
This suggests that the state variables may also carry information about the behavior of
individual constituent, which can be potentially used to differentiate thermo-mechanical
properties of microstructures in different systems.
The question that follows these results is whether an invariant Ω−1× [η]C also exists for
non-spherical particles (here spheroids). To the best of our knowledge, no studies have tested
the existence of an invariant with respect to shear stress for a given particle aspect ratio. A
series of experiments covering a wide range of particle shape (aspect ratio) and shear stress
would provide the necessary constraint to test the invariant nature of Ω−1(τ, rp)×[η(τ, rp)]C
for non-spherical particles.
As discussed earlier, the interlocking between non-spherical particles occurs at smaller
particle concentrations, and they can orient along the shear direction as the imposed shear
rate increases. This ultimately leads to a higher threshold packing limit, and a broader
range of particle volume fraction over which the suspensions’ microstructure can carry a
load (yielding behavior), see Fig 6.4(b). As a result, the rheological behavior of suspen-
sions of anisometric particles is more shear-dependent, and exhibits a more pronounced
non-Newtonian behavior due to particles layering and aligning with the background flow.
According to the dynamic response of spheroids in shearing flow (Jeffery, 1922), we know
that both state variables as well as the product, Ω−1 × [η]C are necessarily a function of
the particle aspect ratio rp. We, thus, hypothesize that, for a fixed spheroid particle aspect
ratio, the product Ω−1 × [η]C remains invariant with respect to the shear stress conditions.
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where A and m are constant fitting parameters that need to be determined experimen-
tally. The calculation performed by Wildemuth and Williams [1984] on the experiments
of Maron and co-workers revealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. These estimated values are calculated for a series of experiment in
which a tendency to aggregation is reported, therefore we believe that these fitting pa-
rameters are constant for suspensions of non-aggregating rigid spherical particles. To find
the actual value of these parameters, one needs to perform a comprehensive experimental
study on the rheology of spherical non-aggregated suspensions considering all factors that
cause shear thinning. Then, using our model by assuming specified values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a close approximation for A and m.
Once we have A and m, we have the closed form formulation to predict the viscosity of
any suspension including spherical non-Brownian and non-aggregating particles.
The presented closed form formulation however cannot be used for suspensions of non-
Brownian and non-aggregating particles that possess anisometric shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly. Secondly, Eq. (25)
is not applicable to predict the shear-dependent behavior of the crowding factor, because
there are no strong constraints on  0t and  
 
t for suspensions of irregular shaped particles.
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which a tendency to aggregation is reported, therefore we believe that these fitting pa-
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t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , on can fin a close approximation for A and m.
Once we have A and m, we have the closed form formulation to predict the viscosity of
any suspension including spherical non-Brownian and non-aggregating particles.
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is not applicable to predict the shear-dependent behavior of the crowding factor, because
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? studied the i terrelation of [⌘]C and ⌦ with res ect to changes in the shear stress, and
concluded that the exponent of Eq. (4) is nearly invariant with respect to the applied shear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
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concluded that the exponent of Eq. (4) is nearly invariant with respect to the applied shear
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? studied t e i terrelation of [⌘]C and ⌦ with res ect to changes in the shear stress, and
concluded that the exponent of Eq. (4) is nearly invariant with respect to the applied shear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
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t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a close approximation for A and m.
Once we have A and m, we have the closed form formulation to predict the viscosity of
any suspension including spherical non-Brownian and non-aggre ating particles.
The presented closed form formulation however cannot be used for suspensions of non-
Brownian and non-aggregating particles that possess anisometric shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly. Secondly, Eq. (25)
is not applicable to predict the shear-dependent behavior of the crowding factor, because
there are no strong constraints on  0t and  
 
t for suspensions of irregular shaped particles.
D R A F T November 15, 2014, :07pm D R A F T
(a) (b)
(c)











































































τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 8 Pa, Ω−1 = 2.249, [η ] = 1. 25

















τ = 3 Pa, Ω−1 = .344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing configuration at zero and very large she r st sses. The fore, follow













where A and m are constant fitting parameters that need to be determined experimen-
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? studied the i terrelation of [⌘]C and ⌦ with res ect to changes in the shear stress, and
concluded that the exponent of Eq. (4) is nearly invariant with respect to the applied shear
stress. Thi read as,
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τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [ ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = .765
τ = 80 Pa, −1 = 1.551, [η ] = 2.707
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 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upper bo nds for the
particle packing configurati n at zero and very larg shear stresses. Therefore, following
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where A and m are constant fitting parameters that need to be determined experime -
tally. The calcul tion perfo med by Wildemuth and Williams [1984] on the experiments
of Maron and co-workers revealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. These estimated values are calculated for a series of experiment in
which a tendency to aggregation is reported, therefore we believe that these fitting pa-
rameters are constant for suspensions of non-aggregating rigid spherical particles. To find
t e actual value of these parameters, one needs to perform a comprehensive experi ental
study on the rheology of spherical non-aggregated suspensions considering all factors that
cause shear thinning. Then, using our model by assuming specified values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, o e can find a close approximati for A and m.
Once we have A and m, we have the closed form formulation to predict the viscosity of
any suspension including spherical non-Brownian and non-aggregating particles.
The presented closed form formulation however cannot be used for suspensions f non-
Brownian and non-aggregating particles that possess anisome r c shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly. Secondly, Eq. (25)
is o applicable to predic the shear-dep n nt behavior of the cro ding f c or, because
there are no strong constraints on  0t and  
 
t for suspensions of irregular shaped particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 8 Pa, Ω−1 = 2.249, [η ] = 1. 25

















τ = 3 Pa, Ω−1 = .344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = .84
τ = 30 P , Ω−1 = 1.493, [η ] = .811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing configuration at zero and very large shear stresses. Therefore, following













where A and m are constant fitti g parameters hat eed to be determin d experim n-
tally. The calculation performed by Wilde uth and Williams [1984] o the experim nts
of Maron and co-workers revealed that m is positive nd its valu is oughly cl s to u ity,
and 0.6 < A < 50. These estimated values are calculated for a ser es of exper nt in
which a tendency to aggregation is reported, t refore we believe hat these fitting pa-
rameters are constant for suspensions of non- ggreg ing rigid sphe i al particle . To find
the actual value of these parameters, one needs to perform a compr h nsive xperi ental
study on the rheology of spherical non-aggregated suspensions con ideri g all f ctors th t
cause shear thinning. Then, using our model by a sumi g p cifi d values of  0t ,  
 
t a d
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one ca find a close pp ox mation for A a d m.
Once we have A and m, we have the clo ed form formul i n to predict the visc ity of
any suspension including spherical non-Brownian and non-aggregating particles.
The presented closed form formulati n owev r c nn t be u ed for suspensi ns of n n-
Brownian and non-aggregating particles that possess nisometric shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly Secondly, Eq. (25)
is not applicable to pr dict the shear-dependent behavior of the crowding factor, because
there are no strong constraints on  0t and  
 
t for suspensions of irregular shaped particl s.
D R A F T November 15, 2014, 8:07pm D R A F T
(a) (b)
(c)










































































τ = 5 Pa, −1 = 1 841, [η ] 227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = .049, [η ] = 2.000
τ = 30 Pa, Ω−1 = . 25, [η ] = 1.923
τ = 5 Pa, Ω−1 = .215, [η ] .851
τ = 80 P , Ω−1 = 2.249, [η ] 1.82

















τ = 3 Pa, Ω−1 = 1.344, [η ] 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3. 66
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 P , Ω− = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.55 , [η ] = 2.707
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 t(⌧) and by exte sion ⌦(⌧) is e sier because we kn w the lower and upper bounds for the
particle packing configur tion at zero and very large shear stresses. Therefore, followi g













where A and m are c stant fittin param t rs that ne d o b det m ne ex erimen-
tally. Th calcul tion performed by Wilde u h and Willi ms [1984] on the ex i s
of Maron and co-workers re eal d th t m is p itiv and its value is ro ghly close to unity,
and 0.6 < A < 50. These estimated v lues are calculated for a series of ex eriment i
which a ten en y to aggr ation is report d, ther fore we believe that the e fitti g pa-
rameters are cons ant fo suspensions f n n-aggr gati g rigid sph rical p rticles. T fi d
he actual value f hese para ete s, o e needs to p rf rm a comprehensiv xperimental
study on the rh ology of pheric l non-aggregated sus sions c sideri g all fact rs that
cause shear thinn g. The , us ur m del by assumin specified values  0t  
 
t a d
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, on can find close approxim t r A m.
Onc we have A and m, w hav the clos d form formul tion t predict he v s sity of
any suspension inclu i g sphe ical on-B owni n and non-aggregating particles.
The presented cl sed form formulati however ca not be used f r uspe sion of non-
Brownian and n n-aggreg ting particles th t possess isometric shapes. Firstly, t
estimated lue of ⌦ 1(⌧)⇥ [⌘(⌧)] might var from 4.1 significa tly. Secondly, Eq. (25)
is not plicable to predict the shear-dependent beh vior of the crowding factor, because
there are no strong co straints on  0t and  
 
t for suspen ions of irregular shaped particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = .941, [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = .125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1 825

















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.12
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, − = 1.475, [η ] = 2.842
τ = 30 Pa, −1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1 18, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and b extensi ⌦(⌧) is easier b cause w know the low r nd upper bou ds for the
particle packing configu ation at zero and very l rge shear stresses. Therefore, following













where A and m are constant fitting p rameters that ne d to be det rmined experimen-
tally. The cal ulation performed by ilde uth n illiams [1984] on th experime ts
of Mar and c -worke s reve led that m is positive and its v lu is roughly lose to unity,
and 0.6 < A < 50. These estimated values are calculated for a series of experiment in
which a tendency to aggregation is reported, therefore we believe that these fitting pa-
ramet rs ar c nst nt f r su pens o s of on-agg g ting igid spherical particles. To find
the a tual value f thes a ame rs, one eeds o p rfo mpreh nsive experimental
study o th r ology of sph ical non-aggr gated su pensions considering all factors that
cause shear thin ng. Then, using our model by assuming specified values of  0t ,  
 
t a d
the fact that ⌦ 1( ) ⇥ [⌘(⌧)]C ⇡ 4. , can fin a close approximation for m.
O e we h ve A and m, we ave the closed form ormulation to predict the viscosity of
any suspension including spherical non-Brownian and non-aggregating particles.
The present d closed form for ul tion how v r c nnot be us d for suspensions of non-
Brow ian n n-aggr ga ing parti les that po sess aniso etric ha s. Fir tly, the
stimated v lu f ⌦ 1 ⌧)⇥ [⌘(⌧)]C m ght va y from .1 sig ificantly. S condly, Eq. (25)
is not app icable to redic the shear-d pende t behavi r of the crowding factor, because
there are no strong onstraints on  0t and  
 
t for suspensions of irregular shaped particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 P , Ω−1 = 1.941, [η ] = 2. 12
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.9 3
τ = 5 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825

















τ = 3 Pa, Ω−1 = 1. 44, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.37 , [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = Pa, Ω− = 1.439, [η ] = 2 918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.7 7
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 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing c nfiguration at zer and very larg ear stresse . Therefore, following













where A and m are constant fitting parameters that need to be determined experimen-
tally. The calcula ion performed by Wild muth and Willia s [1984] on the xperiment
of Maron and c -workers revealed that m is positive and its value is roughl close to unity,
and 0.6 < A < 50. These estimated values are calculat d for a eri s of expe iment in
which t nde cy to aggreg tion i p rted, therefore we b lieve that th s fitti g a-
rameters ar constant f r suspe sions of non- ggregatin rigid herical particles. To find
the actual value of these p rameters, one needs to perform co preh nsive experime tal
study o the r gy f spherical non- ggr g ted suspensi s co sider ng all factors th t
cause shear thinning. Then, u g our model by a suming specifie values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a clos pproximat on for A an m.
Once we ave A and m, w have the closed f rm form latio o pr di t the visco ity f
any suspension includi g s herical non-Browni n and non-aggregating particles.
The presented closed form formulation however can ot be used for s spensions of non-
Brownian and non-aggregati g particles t at possess anisometric sha es. Firstly, the
estimated value of ⌦ 1(⌧) [⌘(⌧)]C might vary from 4. signific ntly. Secondly, Eq. (25)
is not applicable to predict the shear-dependent behavior of the crowding factor, because
ther are no strong constrai ts on  0t and  
 
t for suspensions of irregular haped particles.
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FIG. 5. A figure cap ion. The figure captions are automatically n mbered.
? studied he i terrelation of [⌘]C nd ⌦ with res ect to c anges in the shear stress, and
concluded that the exponent of Eq. (4) is nearly invariant with respect to the applied shear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
We conclude that













rp 5Shear rate 5
= 3.0E − 4


















Ω− 1× [η ]C → 4.5
This study
Ω−1 = 1.071, [η ] = 4.2
Ω−1 = 1.363, [η ] = 3.5













rp = 5Shear rate 5
= 3.0E − 4


















Ω− 1× [η ]C → 4.5
This study
071 4 2
Ω−1 = 1.363, [η ] = 3.5
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Shear rate 3.0 5
= 3.0E − 4


















Ω− 1× [η ]C → 3.55
rp = 0. 53
This study
Ω−1 = 0.755, [η ] = 4.7
Ω−1 = 0.959, [η ] = 3.7














Shear rate 3.0 5
= 3.0E − 4






















Ω−1 = 0.959, [η ] = 3.7
(c)
(d)











































































τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = .941, [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825

















τ = 3 Pa, Ω−1 = .344, [η = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 0 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upper bounds for the
particle p cking configuration at zero and very large sh ar stresses. Therefore, following













where A and m are constant fitting param ters that need to be determi ed experimen-
tally. The calculation erfo med by Wildemuth nd Williams [1984] on the experiments
of Maron and co-workers revealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. These stimated valu s are calculated for a series of experiment i
which a tendency to aggregation is reported, therefore we believ that these fitti g pa-
rameters are constant for suspensions of non-aggregating rigid spherical particles. o find
the ctual val e of these parameters, one needs to perf rm a comprehensive experimental
st dy on the rheology of sp erical non-aggregated suspensions considering all f ctors that
cause shear thinning. Then, using our odel by as uming specified values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a close approximation for A and m.
Once we have A an m, we have the closed form formulation to pre ict the viscosity of
any suspension including spherical non-Brownian and non-aggregating particles.
The present closed f rm formulation h wever c not be used for sus ension of non-
Brownian and non-aggregating particles that possess anisometric s apes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly. Secondly, Eq. (25)
is not a plicabl to predict the shear- ependent behavior of the crowding factor, because
th re are no strong const aints on  0t and  
 
t for suspensions of irregular shaped particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] 2.112
τ = 20 Pa, Ω−1 = 2.0 9, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] 1.851
τ = 8 Pa, Ω−1 = 2.249, [η ] = 1. 25

















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] .842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.81
τ = 50 Pa, Ω− = 1 518 [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by extension ⌦(⌧) is easier because we know lowe and upper bounds for the
particle packing configuration at zero d ve y l rge shear str s e . Ther fore, following













whe e A and ar o stan fi in para ters that need t b deter ined experi en-
tall . The calcul tion perfor ed by lde uth a d illia s [1984] on the exp r e ts
of ron and o-workers reveal d that s positive a d its value is roughly close to u ity,
and 0.6 < A < 50. T s esti a d v lues r lcul ted for ser e of xperi ent i
which a ten ncy to aggregation is r ported, t erefore we believe th t these fit ing pa-
ra eters are cons an for s spensio s of -aggregati g rigid sphe ical particle . To find
the actual value of th se p ra eters, o e n eds t per a co prehe sive xp ri ntal
study on th rheology of spheri al non-ag regated suspensio s consideri all f ctors th t
cause shear thinning. Then using our odel by as u ing specified values f  0t ,  
 
t and
the f ct that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find close approxi tion for A n .
Once we have A and , w have th clos d fo for ulation predi t the visc sity of
any suspensio i c u ing spherical on-Brownian and non- ggregati g a ticles.
The pres nt d closed for for ula ion however can ot be used for susp nsion of non-
Brownian and non-aggregating particles that pos e aniso etric shapes. F rstly, e
esti ated value of ⌦  (⌧)⇥ [⌘(⌧)] ight vary fro 4.1 significantly. Secondly, Eq. (25)
is not applicable to predict the shear- ependent behavior of the crowding factor, because
there re no strong constraints on  t and  
 
t for suspensions of ir egular shaped particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = . 25, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ 80 P , Ω−1 = 2.249, [η ] = 1.825

















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω− = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.4 5, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by exte sion ⌦(⌧) is e sier because we kn w lower and uppe bounds for th
particle packi g configur tion at z r a d ve y l rge shear str sses. Th refore, following













where A an m are co stant fitting para t s t at ne d to be determined experimen-
tall . Th c lcul tio perform d by Wild muth an Willi ms [ 984] on the experiments
of M ro and co-workers re al d that is p iti a d its value is roughly cl se to unity,
nd 0.6 < A < 50. Thes timat values a c lcula d for a se ies f experiment in
whic a en ncy to aggr gatio i report d, there re w beli ve th t these fitting pa-
rameter e ns an for susp sio f n-aggregati g rigi spherical p rticl s. T find
he actu l value of t ese para ete s, o nee s to p rform a co prehensive experimental
study on th rh ol gy of heri al non-ag regated susp nsio s c sid ring all factors that
cause sh ar thinning. Then us n our odel by assuming specified values o  0t ,  
 
t and
the f c ha ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, o e c n find a close approximation for A and m.
O c we have A and we have th clo d form formul tion to predict the viscosity of
any sus e sio i clu i g sphe ical on-B n an a d n n-aggregating p rticles.
The present d closed for formulation owever ca not be used for suspensions of non-
Brownian and n n-aggr gating par icles t t poss ss a isometric sh pes. Firstly, the
estimated lue of ⌦ 1(⌧)⇥ [⌘(⌧)]C might var from 4.1 significantly. Secondly, Eq. (25)
is not a plicable to predict the shear- ependent beh vior of the crowding factor, because
th re e no strong co straints on 0t nd  
 
t for suspen ions of irregular shaped particles.
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τ 5 Pa, Ω−1 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.12 , [η ] = 1.923
τ 50 Pa, Ω−1 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 2.249, [η ] = 1.825
















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by ex nsion ⌦(⌧) is easier because w know the low and upper bounds for the
particle packing configuration at zero and v ry large shear stresses. Therefore, following













where A and are cons an fit ing p ra eters that need to be determined ex erimen-
tally. The calculatio perf r d by Wild m t and Williams [1984] on the xp riments
of Mar d c - orkers revealed that m is posi ive and its valu is r ughly close to unity,
and 0.6 < A < 50. These est mated values ar calculated for a series of experiment in
which a t ndency to a gregation is reported, theref re we believe th t these fitting pa-
r met r ar c stant for suspensions f on-aggregat ng igi spherical particles. To find
the actual value of th se para ers, on needs t erform a comprehensive experimental
study on th rh ology of s h ical non-agg gated su pensio s c nsid ring all factors that
cause shea th i g. Then, using our model by assumi g specified values of  0t ,  
 
t and
th fact th t ⌦ 1 [⌘(⌧)]C ⇡ 4. , on ca fi a close approximation for A and m.
Once we have A and , we have the clos d form f rmulati n to predict the visc sity o
any suspension including spherical non-Brownian and non-aggregating particles.
e pr se ed closed form for l tion however cannot be used for suspensions of non-
Brownia and no - ggr ga i par i les that po se s is metric shapes. Firstly, the
stimated v lue f ⌦ 1(⌧)⇥ [⌘(⌧)]C m g t va y from 4.1 sig ific ntly. Secondly, Eq. (25)
is not applicable to predi t the shear-dependent behavior of the crowding factor, because
there are no strong co st aints on 0t and  
 
t for suspensions of irr lar shaped particle .
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τ = 5 Pa, Ω−1 = 1.841, [η ] 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = .049, [η ] = 2.000
τ = 30 Pa, Ω−1 = .125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = .851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825

















τ = 3 Pa, Ω−1 = 1. 44, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω− = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI T AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extension ⌦(⌧) is easier because we know lower and upper bounds for the
particle packing c nfigur tion at zer and ve y larg ear stresse . Therefore, following













here A and m re constant fitting parameters that need to be determined experimen-
tall . Th calcu tion erform d by Wild muth nd Williams [1984] on he expe iments
of M ron and c -workers re ealed th t m is p sitive a d its value is roughly close to unity,
and 0.6 < A < 50. These esti at d valu s are c lculated for a s ri s of experim nt in
which a ten ency to r gati is eported, t erefore we b li v that thes fitti g pa-
ramet rs ar constan for su p sions of n n-aggregating rigid spherical particle . To find
the actual value f these par m te s, o e eds to perform a c mprehensive ex e imental
study o t e rh ology of sph i l o - g reg ted suspensions considering all f ctors that
c use shear thinning. Then using our model by assuming specified values of  0t ,  
 
t and
the fact t at ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, o e can find a los approximat on for A an m.
Once we have A and , we have th closed form f r ulati t predict the viscosity of
a y suspensi n i u i g s herical n n-Br wni n nd non-aggregating particles.
The present d closed form formula ion however ca not be used for suspensions of non-
Browni n a d n n-aggr g tin particl s that possess anisom tric shapes. Firstly, the
estimated value of ⌦  (⌧) [⌘(⌧)]C might v r from 4 significantly. Secondly, Eq. (25)
is not applicable to predict the shear- pendent behavior of the crowding factor, because
th re ar no strong con rain n  0t d  
 
t for suspen ions of irregular shaped particles.
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(a) (b)
(c)
FIG. 5. A figure cap ion. The figure captions are automatically n mbered.
? studied t e i terrelatio of [⌘]C and ⌦ with r s ect to ch nges in the shear stress, and
concluded that the expon nt of Eq. (4) is nearly invariant with respect to the applied shear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
We conclude that
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Shear rate = 3.0E − 5
= 3.0E − 4


















Ω− 1× [η ]C → 3.55
rp = 0.153
This study
Ω−1 = 0.755, [η ] = 4.7
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This study
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τ = 80 Pa, Ω−1 = 1.551, [η ] = .707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extension ⌦(⌧) is easier because w know the lower and upp r bo nds for th
particle packing configuration at zero and very large shear stresses. Therefore, following









) 1 + A⌧ m) 1
◆
  1 (25)
where A and m are constant fitting paramet rs that need to b d termin d ex erimen-
tally. The calculation performed by Wildemuth and Williams [1984] on the experiments
of Maron and co-workers revealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. These estimated values are calculated for a series of experiment in
which te d ncy o aggregation is eport d, th ref re w beli ve that these fit ing pa-
rameters are constant for suspensions of non-aggregating rigid spherical particles. To find
the actual value of these parameters, one needs to perform a comprehensive experimental
study on the rheology of spheric l no -aggrega ed suspen ions considering all factors that
ca se shear thin ing. Then, using ou model by assuming specified values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a close approximation for A and m.
Once we have A and m, we h ve the closed form formulation to r dic the viscosity of
any suspension including spherical non-Browni n and non-aggregating particles.
The presented closed form formulation however cannot be used for suspen i ns of non-
Br wnian and no - ggregating particles that possess anisome ric shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 signific ntly. Secondly, Eq. (25)
is not applicable to predict the shear-depen ent behavior of th crowding factor, b cause
t e e are no strong constraints on  0t and  
 
t for suspensions of irregular shaped particles.
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τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing configuration at zero and very large shear stresses. Theref re, following













where A and m are constant fitti g parameters hat need to be determin d experim n-
tally. The calculation performed by Wilde uth and Williams [1984] on the experiments
of Maron and co-workers revealed that m is positive nd its valu is oug ly cl s to u ity,
and 0.6 < A < 50. These estimated values are calc lated for a ser es of exper m nt in
which a tendency to aggregation is reported, therefore we believe hat these fitting p -
rameters are constant for suspensions of non-aggregating rigid sphe ic l particle To fin
the actual value of these parameters, one needs to perform a compreh nsive exp ri t l
study on the rheology of spherical non-aggregated suspensions considering all f ctors th t
cause shear thinning. Then, using our model by assumi g specified values of  0t ,  
 
t a d
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , one can fi d a close approximation for A a d m.
Once we have A and m, we have the closed form for ulation to predict the viscosity of
any suspension including spherical non-Brownian and non-aggreg ting pa ticles.
The presented closed form formulation however c nnot be u ed for suspensi ns of non-
Brownian and non-aggregating particles that possess aniso etric shapes. Firstly, t
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly Secondly, Eq. (25)
is not applicable to predict the shear-dependent behavior f the crowding factor, bec use
there are no strong constraints on  0t and  
 
t for suspensions of irregular shaped particl s.
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τ = 80 Pa, −1 = 1.5 1, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by exte sion ⌦(⌧) is e sier because we kn w the lower and upper bounds for the
particle packing configur tion at zero and very large shear stresses. Therefore, following













where A and m are c s ant fittin param t rs that ne d o b det mine x erimen-
tally. Th calcul tion performed by Wildemuth and Williams [1984] on the ex erime ts
of Maron and co-workers re eal d th t m is p it e and its val e is ro ghl close to unity,
and 0.6 < A < 50. These estimated values are calculated f r a series of ex eriment i
which a ten en y to aggr gation is report d, th refore we believe that the e fitting pa-
rameters are cons ant for suspensions of n n-aggregati g rigid spherical p rticles. To find
he actual value f hese par et s, o e ne ds o p rf m comprehensive experimental
study on the rh ology of p erical non-aggregat d susp nsions c side ing all factors tha
cause shear thinni g. The , us our m del by ssumi specified values of  t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, on c n fi d a close approximatio f r A nd m.
Onc we have A and m, we h ve the closed form formulation to predict the viscosity of
any suspension inclu i g sph ical no -B ownian nd on-a greg ting particles.
The presented closed f rm formulation however ca ot be used f r usp sion of non-
Brownian and n n-agg g ti g particles that possess anisome ric shapes. Firstly, the
estimated lue of ⌦  (⌧)⇥ [⌘(⌧) might var from 4.1 sig ifica tly. S condly, Eq. (25)
is not plicable to predict the shear-dep ndent behavior of the crowding fact r, because
there are no strong co straints on  0t and  
 
t for suspen ions of irregular shaped particles.
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τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by extensi ⌦(⌧) is easier because we know the lower nd upper bou s for t e
particle packi g configu ation t zero nd v ry l rge s e r stresses. Therefore, following










)( + A⌧  ) 1
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  1 (25)
where A and m are c nst nt fi ting parame rs that need to be d termined exper men-
tally. The calculation perform d by Wild uth illiams [1984] on the expe iments
of Mar and c - ork rs revealed that m is positive a d its value is roughly close to u ity,
and 0.6 < A < 50. These estimated values are calculated for a series of experiment in
which a tendenc to aggreg tion reported, therefor we believe that these fitting pa-
ramet rs r cons a t for usp nsi n of non- g re ati g igi sph rical pa ticles. o find
t e actual value of t es p ame rs, on eds o p rfor a comprehe sive expe ment l
study o th r ology f sph ical non-aggr gated u pensions considering all factors th t
cause shear thin ing. Then, using our odel by assuming specified values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ . , on can fin a close approximation for A and m.
O e we h ve A and m, we have t e closed form formulation o predic the vis si f
any su p nsio ncludi g spherical on-B w i and non-ag rega ing particles.
T pr sen d closed form f how v r c nnot be us d f r suspensi n of n -
Brownian an non-aggr ga ing parti les tha po sess isometric hapes. Firstly, the
estimated v lu f ⌦ 1 ⌧)⇥ [⌘(⌧)]C m gh va y from .1 sig ificantly. S condly, Eq. (25)
is not applicable to predict the shear-dependent b havior of th crowding factor, because
there are no strong onstraints on  0t and  
 
t for suspensions of irregular shaped particles.
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τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extension ⌦(⌧) is easier because we know the low r a d upper bounds for th
particle packing c nfiguration at zer and very larg ear stresse . Therefore, following













where A nd m are constant fitting parameters that need to be determined experimen-
tally. The ca cula ion pe formed by Wildemuth a d Williams [1984] on the xperiments
of Maron and c -workers revealed hat m is positive and i s value is roughly clos to unity,
and 0.6 < A < 50. These estimated values are calculated for a series of experiment in
which a tendency to aggregati n is reported, therefor we believe that th se fitting a-
rameters r constant for suspe si ns of non-aggregating rigid spherical p ticles. To find
the actual value of thes par meters, one nee s to pe form a c mprehens e experimenta
study o the rheology f spherical non- ggreg ted suspensions c sidering all factors that
cause shear thi ing. The , u g our m del by a suming specifie values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one ca find a clos pproximat o for A an .
Once we have A and m, we have the closed form formulation o predict the visco ity of
any suspension including s erical non-Br wni n and non-agg egating particles.
The presented closed form formulation however cannot be used for suspensions of no -
Brownian and non-aggreg ting particles t at posses nisometric s a es. F rs ly, the
estimated value of ⌦ 1(⌧) [⌘(⌧)]C ight vary fro 4. signific ntly. Secondly, Eq. (25)
is not applic ble to p edict the shear-depend nt behavior of t e c owdi g fac r, becaus
her are no strong constraints on  0t and  
 
t for suspensions of irregular haped particles.
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FIG. 5. A figure cap ion. The figure captions ar automatically n mbered.
? studied the i terrelation f [⌘]C nd ⌦ with res ect to chang s in the shear stress, and
concluded that the exponent of Eq. (4) is nearly invariant with respect to the applied hear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
We conclude tha













rp = 5Shear rate = 3.0E − 5
= 3. E − 4
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This study
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Shear rate = 3.0E − 5
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τ = 5 Pa, Ω−1 = .841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.94 , [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825

















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 P , Ω−1 = 1.409, [ ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.81
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 3 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extension ⌦(⌧) is easi because we know the lower and upp bo nds f r the
particle packing configuration at zero and very large shear stresses. Therefore, following













where A and m re constant fitting parameters that need to be determined experimen-
tally. The cal ul tion p formed by Wildemuth and Williams [1984] on the experi e ts
of Maron and co-workers vealed that m is positive nd its value is roughly close to unity,
and 0.6 < A < 50. Thes estimated valu s are calculated for a series of xperiment in
which a te dency to aggregation is reported, th refore we believ that these fitting pa-
rame ers a e co tant for suspe sio s of no -agg egating rigid spherical articles. To find
t e actual value f these parameters, one n eds to perform a comprehensive experi ent l
st dy on the rheolo y of spheric l non-aggr gated susp sions c sidering all fa tors that
cause she r hi ning. Then, using ou model by ass ing spec fied values of  0t ,  
 
t and
the fact t t ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, o e can find a close approximati for A and m.
Once we have A and m, we h v the closed form formulation to r dict the viscosity of
any susp nsion including spherical non-Bro nian and non-aggr gating particles.
The prese ted closed form formulation however cannot be used for suspension of non-
Br wnian and no - ggregating particles that possess anisome ric shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 signific ntly. Secondly, Eq. (25)
is not applicable to redict the shear-depende t behavior of the crowding f c or, because
there are no strong constrai ts on  0t and  
  for suspensi ns of irregular shaped particles.
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τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.7 7
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing configuration at zero and very large shear stresses. Therefore, following













where A and m are constant fitting parameters at eed to be det rmined experimen-
tally. The calculation p rformed by Wilde th and Williams [1984] o the experim nts
of Maron and co-workers revealed that m is positive nd its valu is oug ly cl se to unity,
and 0.6 < A < 50. These estimated values are calc lated for a series of experim nt in
which a tende cy to aggr gation is reported, t refore we believe that these fitting pa-
rameters are constant for suspensions of non- ggreg i g rigid sphe ical particle . To fin
the actual value of these parameters, one needs to perform a compr hensive xperiment l
study on the rheology of spherical non-aggregated susp nsio s con idering all f ctors th t
cause shear thinning. Then, using our model by a sumi g sp cified val es of  0t ,  
 
t a d
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , one ca fi d a close pp oxim tion for A and m.
Once we have A and m, we have the clo ed form for ul ti n to predict the visc sity of
any suspension including spherical non-Brownian and non-aggreg ting pa ticles.
The presented closed form formulation owev r cann t be used for suspensions of n n-
Brownian and non-aggregating particles that possess niso etric shapes. Firstly,
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly Secondly, Eq. (25)
is not applicable to predict the shear-dependent behavior of the crowding factor, because
there are no strong constraints on  0 and   t for suspensions of irregular shaped particl s.
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τ = 8 Pa, Ω−1 = 1.55 , [η ] = 2.7 7
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by exte sion ⌦(⌧) is e sier because we kn w the lower and upper bounds for the
particle packing configur tion at zero and very large shear s resses. Therefore, following













where A and m are cons nt fittin p ramet rs that ne d to be det rmined experimen-
tally. Th calcul tion performed by Wildemu h and Williams [1984] on the ex eriments
of Maron and co-workers re eal d th t m is p it nd its val e is roug l clo e to unity,
and 0.6 < A < 50. These estimated v lues are calcul ted f r a series of experiment i
whi h a ten en y to aggr ation is report d, th r fore we believe that these fitting pa-
rameters are cons ant for suspensio s of n n-a gr gati g rigi sph ri al p rticles. T find
he actual value f these para ete s, o e needs to p rform a comprehe sive experimental
study on the rh ology of p erical non-aggregat d susp si ns c side ing all factors tha
cause shear thinni g. The , us our m del by assumin specified values f  0t ,  
 
t d
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find close app oximatio for A nd m.
Onc we have A and m, w h ve the closed form formulation to predict he vis sity of
any suspension inclu i g sph ical no -B ownian and n-a greg ting p rticles.
The presented cl sed form formulati however ca not be used for suspensions of non-
Brownian and n n-agg g ti g particles that possess nis metric shapes. Fi stly, t
estimated lue of ⌦ 1(⌧)⇥ [⌘(⌧)] might var from 4.1 significantly. Secondly, Eq. (25)
is not a plicable to predict the shear-dependent beh vior of the crowding factor, because
there are no strong co straints on  0t and  
 
t for suspen ions of irregular shaped particles.
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 t(⌧) and by xtension ⌦(⌧) is easier because w know th low r and upper bounds for the
particle packi g configu ation at zero and v ry l rge s ear st esses. Th refo e, following














where A and m are c nstant fitting paramet rs th t need to be d termined exp rimen-
tall . The calculation performed by ild muth a d Williams [1984] the experiments
of Mar and c - ork rs reveal d that m is positiv a d its value is roug ly close to u ity
and 0.6 < A < 50. Th s est at values are calculat d for series of experiment in
w ich tende c o a greg ion reporte , th r for we be ieve that hese fitting p -
ramet rs ar consta for s sp ns ons of on-aggr g ti g ri id sph rical particl s. To find
t tual v lue f t s a am ers, ne ed o p rfo a compr h sive experiment l
study o th r ology f sphe ical n n- gg gated su pensions considering all factors that
ca se s ear thin ing. Th n, using our del by assumi g specified values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , on can fin a close approximation fo A and m.
O e we h ve A nd m, we ave h close form rmulatio to predict the i co ity o
any susp nsion includi g spherica non-B w i n d non- g reg ting pa ticle
T pr sented clos d form for ulation how ver canno be u e for uspensions of non-
Brow ian an non-a gr ga ing p rti les that po sess nis etric shapes Firstly, the
stimated value f ⌦ 1 ⌧)⇥ [⌘(⌧)]C might va y from . sig ificantly. S condly, Eq. (25)
is not app icable to predict he sh ar-d pendent behavior of th crowding factor, because
there are no strong constraints on  0t and  
 
t for suspensions of irregular shaped particles.
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 t(⌧) and by extension ⌦(⌧) is easi because we know he lower and upper bound for the
particle packing c nfiguration at zer and very larg ear stresse . Therefore, following













where A and m are co s ant fitting parame ers that need to be determined experimen-
tally. The calculation performed by Wildemuth and Williams [1984] on the experiments
of Maron and c -wo kers rev aled that m is positive and it value is roughly c s to uni y,
and 0.6 < A < 50. These estimated values are calculat d for a series of expe iment in
which a tendency to aggregation is reported, therefore we believe that these fitting pa-
rameters r constan for suspe sions of non-aggregating rigid spherical particles. To find
the actual valu of these parameters, one n eds to perf rm a comprehensive experimental
study on t e rh ology f spherical non- ggreg ted suspensions consideri g a l factors t at
cause shear thinni g. Then, u g our model by suming specifie values of  0t ,  
 
t nd
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one a find a clo pproximat o for A a .
Once we av A and m, we have the closed form form lati o predi t the viscosity of
any suspension including sp erical n n-Br wni n and non-aggregating particles.
The presented closed form formulation however can ot be used for uspensions f no -
Brownian and non-aggr g ting particles that posses anisometri s a es. Firstly, the
estimated value of ⌦ 1(⌧) [⌘(⌧)]C ight vary fro 4. significantly. Secondly, Eq. (25)
is not applicable to predict the shear-depend nt behavior of the crowding f ctor, because
there are no strong cons r ints n  0t and  
 
t for suspensions f irregular shaped particles.
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FIG. 5. A figure cap ion. The figur captio s are utom tically n mbered.
? studied he i terrela ion of [⌘]C and ⌦ with res ect to c ng s in the shear stress, a d
concluded that the exponent of Eq. (4) is nearly invariant with respect to the applied shear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
We conclude tha













rp = 5Shear rate 0 5
= 3.0E − 4


















Ω− 1× [η ]C → 4.5
This study
Ω−1 = 1.071, [η ] = 4.2
Ω−1 = 1.363, [η ] = 3.5
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This study
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Ω− 1× [η ]C → 3.55
rp = 0.153
This study
Ω−1 = 0.755, [η ] = 4.7
Ω−1 = 0.959, [η ] = 3.7
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.24 , [η ] = 1.825

















τ = 3 Pa, −1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = .370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = .81
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by ext nsion ⌦(⌧) is easier because we know the lowe and upper b unds for the
particle packing configuration at zero and very large shear stresses. Therefore, following












where A and m are constant fitting parameters that need to be determined experimen-
tally. The calculation performed by Wildemuth and Wi liams [1984] on the experi ents
of Maron nd co-w rkers rev a ed that m is positive and i s val e is oughly close to unity,
and 0.6 < A < 50. These stimated valu s are calculated for a series of experiment i
w ich a e dency to aggregation is reported, herefore we beli v that these fitti g pa-
rameters are constant for suspen ions of non-aggregating rigid spheric l particles. To find
the ctual value of these parameters, one needs to perf rm a comprehensive experimental
st dy on the rheol gy of spheric l on-aggregat sus ensions considering all factors that
ca se she r thin ing. Then, using ou model by as uming specified values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a close approximation for A nd m.
Once we have A an m, we h ve th cl sed for formulation to r dict the viscosity of
any suspension including spherical non-Brownian and non-aggregating particles.
The present closed f rm formulatio h wever ca not be used for sus ensions of on-
Br wnian and no - ggregati g par icles tha possess anisome ric s apes. Firstly, the
estimated value f ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 signific ntly. Secondly, Eq. (25)
is not applicable to predict the shear-dependent behavior of the crowding factor, because
th re are o strong const aints on  0t and  
 
t for su pensions of irregular shap d particles.
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τ = 8 Pa, Ω 1 = 1.551, [η ] = 2.707
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 t(⌧) and by extension ⌦(⌧) is easier because we know lower and upper bounds for the
particle packing configuration at zero and ve y large shear stres es. Therefore, following













where A and are o s n fit in para ters that need t be deter i d experi en-
tall . The calcul tion perfor ed by lde uth and illia s [1984] on the experi ents
of ron and o-workers revealed that is positive a d its val is roug ly close to unity,
and 0.6 < A < 50. T s esti a d v lues ar lculated for a s r es f experi ent in
which a ten ncy to aggrega ion is r p rted, t refore we believe that these fit ing pa-
ra eters are cons an for s spensions of n -aggregating rigid sphe ical particle . To find
the actual value of th s p rameters, o e n e s t per a co prehensive xperi nt l
study on th rheology of spheri al non-ag regated suspensio s consideri all f c ors th t
cause shear thinni g. Then using our odel by as u ing specified values f  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , one can find cl s approxi ation for A and .
Once we have A and , w have th closed fo for ulation to predi t the visc sity of
any suspensio i c u ing sphe ical on-Brownian and non- ggreg ting a ticles.
The pres nt d closed for for ula ion however can ot be used for susp nsions f non-
Brownian and non-aggregat g particle that pos e aniso etric s ap s. F rstly,
esti ated value of ⌦  (⌧)⇥ [⌘(⌧)] ight vary fro 4.1 significantly. Secondly, Eq. (25)
is not applic bl to predic t e shear- ependent behavior of th crowding factor, because
there re no strong constraints on  t and  
 
t for suspensions of ir egular shaped particles.
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τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by exte sion ⌦(⌧) is e sier because we kn w lower and upper bounds for the
particle packing configur tion at zero and ve y large shear stresses. Therefore, following













wher A n m are co tan fit i g para t rs t at need to be de ermined experime -
tall . Th c lcul tio performed by Wild muth and Willi ms [1984] on the experiments
of M ron and co-workers re al d th t is p it a d its val e is roughl close to unity,
nd 0.6 < A < 5 . Thes e timat d values a c lcula ed for a series of experiment in
whic a en ncy to aggr gatio i repor , th re ore we beli ve th t these fitting pa-
r met rs e ons an for suspe sions of n-aggregati g rigi spherical p rticles. To find
actual value of t ese ara ete s, o e e s to p rform a comprehensiv experimental
study o th rh ology of eri al non-ag regat d susp nsions c side i g all factors tha
cause sh ar thinning. Then us ng our model by assuming specified values of  0t ,  
 
t and
the fac ha ⌦  (⌧) ⇥ [⌘(⌧)]C ⇡ 4. , o e can find a close approximation for A a d m.
On we have A and we have th closed form formulation to predict the viscosity of
any sus ensio i clu i g sph ical no -B n an and on-a greg ting particles.
The pr sent d closed for formulation however ca not be used for suspensions of non-
Brownian nd n n-agg gati g p r icles t t possess anisometric sh pes. Firstly, the
estimated lue of ⌦ 1(⌧)⇥ [⌘(⌧)]C might var fr m 4.1 significantly. Secondly, Eq. (25)
is not a plicable to predict the shear- epend nt beh vior of the crowding factor, because
th re e no strong co straints on  0t and  
 
t for suspen ions of irregular shaped particles.
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τ 5 , 1 .370, [ ] 3.066
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 t(⌧) and by xt nsion ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing configuration t zero nd very l rge hear str sses. Therefore, following













where A and are c s ant fit ing p rame ers that need to be determin d experimen-
t lly. The calculation p rform d by Wild mut a d Wi iams [1984] on the experiments
of Mar d c -workers reve led that m is p sitive and its valu i roughly close to unity,
and 0.6 < A < 50. Th se esti ated values ar calculated for a series of experiment in
w i h a t ndenc t aggreg tion reported, therefore we be ieve that hese fitting pa-
r met r ar c stant for su p n ons f on-aggregati g ri i sph rical p rticles. To find
the actual value of thes para eters, on eeds to erform a comprehe sive experimental
study on t rh ology f h ical non-agg gated su pen ions considering all factors that
ca s sh a th n ing. Then, u ng our odel by assuming specified values of  0t ,  
 
t a d
th fact that ⌦  (⌧) ⇥ [⌘(⌧)]C ⇡ 4. , on ca fin a close approximation for A and m.
Once we ave A a , we have the closed for formulati n to predict the viscosity of
a y usp n ion cludi g spherical non-B wni nd non-aggregatin par icles.
T pr se t d closed form fo lation however cannot be used for suspensions of non-
B ownia and no -aggr ga i g par i les that po se s anisometric shapes. Firstly, the
stimated v lue f ⌦ 1(⌧)⇥ [⌘(⌧)]C m g t va y from .1 sig ificantly. Seco dly, Eq. (25)
is ot ap icable t predict the shear-d pendent behavior of the crowding factor, because
there are no strong constraints on  0t and  
 
t for suspensions of irregular shaped particles.
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τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.7 7
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 t(⌧) and by extension ⌦(⌧) is easier becaus we kno lower an upper bounds for the
particle packing c nfigur tion at zer and ve y larg ear stresse . Therefore, following
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where A and m are constant fitting parameters that need to be determined experim n-
tall . The calcul tion performed by ildemuth and Williams [1984] on the experiments
of M ron nd c -w rkers re ealed th t m is positive a d its val e is roughly close to unity,
and 0.6 < A < 50. These esti at d valu s are c lculated for a s ries of experiment in
which a ten ency to aggr gation is reported, therefore we believe that these fitting pa-
ra et rs ar constan f r sus sions of non-aggregating rigid spherical particles. To find
the actual valu f these paramete s, o e n eds to perform a comprehensive experimental
tudy on th rh ology of sph i al on- g reg ted suspensions considering all fact rs that
cause shear thinning. Then u ing our model by assuming specified values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one ca find a clos pproximat on for A m.
On e we have A and , we have th closed form f r ulati t predict the viscosity of
a y sus ension i clu i g p er cal non-Br wni n and non-aggr gating particles.
The resent d cl sed form formulatio howeve a not be used for suspensions of no -
B ownian and n n-aggreg t g particl s that posses anisometr c shapes. Firstly, the
estimated value of ⌦  (⌧) [⌘ ⌧)]C ight v r from 4. significantly. Seco dly, Eq. (25)
is ot applicable to predict the sh ar- pend nt behavior of the crowding factor, because
th re ar no strong con raints on  0t nd  
 
t for suspensions of irregular shap d particles.
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( ) (b)
(c)
FIG. 5. A figure cap ion. The figure capti ns are automatically n mbered.
? studied t e i terrelation of [⌘]C and ⌦ with res ect to changes in the shear stress, and
concluded that the exponent of Eq. (4) is nearly invariant with respect to the applied shear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
We conclude th
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his study
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Shear rate = 3.0E − 5
= 3.0E − 4


















Ω− 1× [η ]C → 3.55
p = 0.153
This study
Ω−1 = 0.755, [η ] = 4 7
Ω−1 = 0.959, [η ] = 3 7
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Ω− 1× [η ]C → 3.55
rp = 0. 53
This study
Ω−1 = 0.755, [η ] = 4.7
Ω−1 = 0.959, [η ] = 3.7
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω 1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω 1 = 2.049, [η ] 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] 1.825


















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 1.370, [η ] 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 0 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) nd by extensio ⌦(⌧) is easier becaus we know the lower and upper bounds for the
article packing configur tion at zero and very large shear stres es. Therefore, following













where A and m are constant fitting para eters that need t be d termined expe imen-
tally. The calculation perform d by Wildemuth and Williams [ 984] on the experiments
of Maron and co-workers r vealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. These estimated v ues are calculat d for a series of experiment in
which a tendency t aggregatio is reported, therefore we believ that these fitting a-
r meters re constant f r suspensi ns of non-aggregating rigid spherical pa cles. To find
he act al value f these paramete s, one eeds to perform a comprehensive experimental
tudy n the rh ology of spherical on-aggregate susp nsions consid ring all factors that
cause shea thinning. Then, using our od l by a su ing specified values of  0t ,  
 
t and
he fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one c n find a close pproximati for A and m.
Once we have A and m, we h ve the closed form formulation t predict the viscosity of
any suspen ion including sp erical non-Browni and non-aggregating particles.
The resented closed fo m formulatio however cannot be used for suspensions of non-
Brownian and on-aggregating pa ticles that possess anisometric shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 ignificantly Secondly Eq. (25)
is not applicable to predict the shear-dependent behavi r of the cr w i g factor, because
there are no strong constraints on  0t and  
 
t for suspensi ns of irregular shap d particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.1 2
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.2 5, [η ] = 1.851
τ = 8 Pa, Ω−1 = 2.249, [η ] = 1.825


















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = Pa, Ω−1 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) an by extension ⌦(⌧) is easier because we know the lower and upper bounds for th
particle packing configuration at zero and very large shear stresses. Therefore, following













where A and m are constant fitting parameters that need to be determined exp rimen-
tally. The cal ulation performed by Wildemuth and Williams [1984] on th experime ts
of Maron and co-workers revealed t at m is positive a d ts value is roughly l se to unity,
and 0.6 < A < 5 . These esti ated val es are calculat d for a series of exp riment in
which a tend ncy to agg egation is eport d, t erefore we believe that these fitting pa-
rameters ar constant for suspensions of non-aggregati g ri id sphe ical ar i le . To find
the actual value of these parameters, one eeds to perform a comprehensive experimental
study on the rhe logy of sph rical on-aggregated suspen io s c sidering all f ctors that
cause she r thinni g. Then, using our m d l by assuming specified v l es of  0t ,  
 
t an
th f ct h t ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a l se appr xi tion for A and m.
Once w hav A and m, we have the closed form f r ulatio t pred c the viscosity of
any susp nsio includin pheric l non-Brownian an non-aggrega ing partic s.
The presented closed form f mul i however cannot be us d for suspensions of non-
Brownian and non-aggreg ting particles th t possess anisomet ic shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C mig t vary f om 4.1 significantly Secondly, Eq. (25)
is not applicable to predict the s ea -dependent behavior f the crowding factor, because
there are no strong constraints on  0 and   t for suspensions of irregular shaped particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 1 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 2 Pa, Ω−1 = 2 049, [η ] = 2.000
τ = 3 Pa, Ω 1 = . 25, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = .249, [η ] = 1.825
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τ = 10 Pa, Ω−1 = .409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 P , Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.81
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by exte sion ) is e sier because we kn w the lower and upper bounds for the
particle packing configur tion at zero and very large shear stresses. Therefore, following













where A and m are constant fitting paramet rs th t need to be determined experimen-
tally. Th calcul tion performed by Wi de th and Williams [1984] on the experiments
of Maron and co-worke s re al d tha m is p itive and its value is roughly close to unity,
and 0.6 < A < 5 . These esti ted v lues are calculated for a series of experiment in
i a ten ency to aggr gation is report d, th ref re we believe that these fitting pa-
r te s are cons a t for suspens s of n n-aggrega i g rigi sph ical p rticle . To find
he actu l value f these paramete s, o e ne ds to p rform a comprehensive experimental
study n the rh o ogy f pheric l n -aggr gated susp n ions c sider ng all factors that
ause hear t innin . Then, us ng our odel by assuming specified values of  t ,  
 
t a d
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , one can find a close approximation for A and m.
Onc we h ve A nd m, we have the closed form formul tion to pred ct the viscosity of
a y us ensi inclu i g ph ical no -B ownian and non-aggr gating pa ticles.
The present d clos form for ulation however ca not be used for suspensions of non-
Brownian and n n-aggregating particles that possess anisometric shapes. Firstly, the
esti a d l e f ⌦ 1(⌧)⇥ [⌘(⌧) C might var from 4.1 si nifica tly. Secondly, Eq. (25)
is n t a plic ble to predict the hear-dependent beh vior of the crowding factor, because
there are no strong co straints on  t and  
 
t for suspen ions of irregular shaped particles.
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τ = 5 Pa, Ω−1 1.841, [η ] = 2.227
τ = 1 Pa, Ω−1 1.941, [η ] 2.112
τ = 20 Pa, Ω−1 = 2.0 9, [η ] 000
τ = 30 Pa, Ω−1 2. 25, [η ] 1.923
τ = 0 Pa, Ω−1 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825


















τ = 3 Pa, Ω−1 1.34 , [η ] = 3.129
τ = 5 Pa, Ω−1 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 0 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MA
 t(⌧) a d by xtensio ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing configuration at zero and very large shear stresses. Therefore, following













w ere A n m ar constant fitting parameter hat n ed o be d termined experimen-
tally. The cal ulation performed by Wilde uth and Williams [1984] on the experiments
of Ma on and co-workers revealed that is positive and its value is roughly close to unity
and 0.6 < A < 50. These stimated values re calculated for a series of experiment in
which a tend cy to aggregation is rep rted, therefore we believe t at these fitting pa-
ra eters are c ns ant for su pensions of non-aggr gating rigid spherical particles. To find
the actual valu f these para et rs, one needs to p rform a compr hensive experimental
s udy on th rh ology of sphe al n n-aggr gated su pensions considering ll f t rs that
us shear hinning hen, using ou odel by assuming specified values of  0t ,  
 
t and
th fact t at ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , on can fin a close pproximation for A and m.
On we have A a d m, we have the clos d for f rmulation to predict the viscosity f
any suspension including spherical non-Brownian and non-aggregating particles.
The present d cl s d form f rmul ti n ho ever ca not be used for suspensions of non-
Brownian and non-aggr ga ing parti les that po e s a isometric shapes. Firstly, the
estimated value f ⌦ 1(⌧)⇥ [⌘(⌧)]C might va y from 4.1 sig ificantly. Secondly, Eq. (25)
is n t applicable to predi t the shear-dependent behavior of the crowding factor, because
there are no strong con traints on  0t and  
 
t for suspe sions of i regular shaped p rticles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 P , Ω−1 = 1.941, [η ] = 2.112
τ = 20 P , Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω− = 2.215, [η ] = 1.851
τ = 80 Pa, Ω− = 2.249, [η ] = .8 5


















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = .370, [η ] = 3.066
τ = 10 P , Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing c nfiguration at zer and very larg ear stresse . Therefore, following














w e e A nd m a e constant fitting param ters that need to b det rmined experime -
tally. The calculatio p rformed by Wildemuth and Willia s [1984] o the experiments
of M ro and co-workers revealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. These estimated values are alculated for a series of experiment in
which a tendency t ggregation is reported, therefore we beli ve that these fitting pa-
rameters a onsta t for s spe si ns of non-aggregating rigid spherical particles. To find
the a tual value of t e par meters, on needs to perform a comprehensive experimental
s u y on the rheology of spherical on-aggregat d susp nsions considering all factors that
cause s ear hinning. T en, using our model by as uming specifi d v lue of  t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , o e can find a clos a proximation for A an m.
On e we have A and m, we have the clos d f rm formulation to predict the viscosity of
y suspension including spherical non-Browni n and non-aggregating particles.
The present d cl ed form form latio however cannot be used for suspensions of non-
Brow ian and n -aggregating p rticles t t possess anisometric s apes. Firs ly, the
estimated value of ⌦ 1(⌧) [⌘(⌧)]C ight vary from 4. significantly. S condly, Eq. (25)
is ot pplicable to redict he shear-d pendent be avi r of the crowdin actor, because
there a o str ng constr ints on  0t and  
 
t for su pensions of irregular shaped particles.
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(a) (b)
(c)
FIG. 5. A figure cap io . The figure captions are automatically n mbered.
? studied the i terrelation of [⌘]C and ⌦ with res e t to changes in the shear stress, and
conclud d that the exponent of Eq. (4) is nearly invaria t with respect to the applied shear
stres . T i reads as,
⌦ 1(⌧, r ) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
We conclude that














rp = 5Shear rate = 3.0E − 5
= 3.0E − 4



















Ω− 1× [η ]C → 4.5
This study
Ω−1 = 1.071, [η ] = 4.2
Ω−1 = 1.363, [η ] = 3 5
(a)
(b)















Shear rate = 3.0E − 5
= 3.0E − 4



















Ω− 1× [η ]C → 3.55
rp = 0.153
This study
Ω−1 = 0.755, [η ] = 4.7
Ω−1 = 0.959, [η ] = 3.7















Shear rate = 3.0E − 5
= 3.0E − 4



















Ω− 1× [η ]C → 3.55
rp = 0.153
This study
Ω−1 = 0.755, [η ] = 4.7
Ω−1 = 0.959, [η ] = 3.7
(c)
(d)














rp = 5S ear rate = 3. E − 5
= 3.0E − 4



















Ω− 1× [η C → . 5
This study
Ω−1 1.071, [η ] = 4.2
Ω−1 = 1.363, [η ] = 3.5
















































































τ 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ 10 Pa, Ω−1 = 1.941, [η ] 2.112
τ 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ 80 Pa, Ω−1 = 2.249, [η ] 1.825


















τ 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ 5 Pa, Ω−1 = 1.370, [η ] 3.066
τ = 10 Pa, Ω−1 1.409, [ ] 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing configurati n at zero and very large shear stresses. Theref re, following













where A and m are constant fitting parameters that need to be determined experimen-
tally. The calcul tion perfo ed by Wildem th and Williams [1984] on the experimen s
of Maron and co-workers revealed that m is positive and its valu is roughly close to unity,
nd 0.6 < A < 50. These estimated va ues re calculated fo a series of experiment in
hich a tende cy to aggregati n is reported, therefore we believe that these fitting pa-
rameters are constan for suspensions of non-aggregating rigid spherical particles. To find
t e actual value of these paramete s, o e needs to perform a comprehensive experimen al
study on the rheology of spherical non-aggregated susp nsions considering all factors that
aus shear hinning. Then, using our odel by ssuming specified values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , o e can find a close approximati for A and m.
Once e have A and m, we h ve the closed form formulatio t predict t e viscosity of
any sus nsion including sp erical no -Brow i n and non-aggregating particles.
The presented closed form formulation however cannot be used for suspensions of non-
Brownian a d non-aggregating particles that possess anisome r c shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 sig ificantly. Secondly, Eq. (25)
is ot appli able to predict the sh ar-depe dent b avio of the crowding f c or, because
the e are no stron co str in s o  0t and  
 
t fo suspensions of irregular shaped p rticles.
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τ = 5 Pa, Ω−1 = .841, [η ] 2.227
τ = 10 Pa, Ω−1 = .941, [η ] = 2.112
τ = 20 P , Ω−1 = 2.049, [η ] = 2.000
τ = 30 P , Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825


















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 1 Pa, Ω 1 = 1.40 , [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.84
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.5 8, [η ] = 2.765
τ = 80 Pa, Ω 1 = .551, [η ] = 2.707
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 t and by extension ⌦(⌧) is easier because e know the lowe and upp r bounds for th
par icle p cki g configuration at zero a d very larg hear str sses. Therefore, follow ng













where A and m are constant fit ing parameters hat eed to be etermined experimen-
tally. Th c l ulation performed by Wilde uth and Williams [1984] o h xperim nts
of Maron and co-worker revealed that m is positiv d its alu i oughly cl se to unity,
and 0.6 < A < 5 . Th se sti ated v lu s r l ulat f r a seri s of experim nt in
which a t den y to aggr ga ion is rep rted, t ef re w believe tha these fitting pa-
ramete s are co nt f r suspensio s of n n- ggr g i g rigid sphe i al p rticle . To find
th actual value of these p am ter , on eed to perf rm a compr hensive xpe ental
study on the rheology of spherical non-aggregated suspensio s co idering all f ctors th t
cause shear thinni g. Th n, usi g r model by a sumi g sp cifi d val es of  0t ,  
 
t a d
th f ct that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one c fi a cl se pp oxim tion for A an m.
Once we hav A and , w have the clo e f rm f r ul ti n o predict the vi c sity of
any susp nsio includin spherical on-Brownian an non-aggregating parti les.
The pre ented cl sed f rm f mulati owev r can ot be us for su pensi s of n n-
Brownian and no - ggreg ing particles th possess niso e ric shapes. Firstly, th
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 s gnific ntly Secondly, Eq. (25)
is not applicable o pr di t the shear-d pendent behavior of th crowding factor, because
there are no strong constraints on  0 a d   t for susp nsions of irregular sha d particl s.
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τ = 5 Pa, Ω−1 = 1 841, [η ] = 2.227
τ = 10 Pa Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω− = .049, [η ] = 2. 00
τ = 30 Pa, Ω−1 = . 25, [η ] = 1.923
τ = 50 Pa, Ω−1 = .215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825

















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 1 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 3 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by exte sion ⌦(⌧) is e s er because we kn w the low r and upp r bounds f the
particle p cki g c nfigu tio at zero n v y large hear stresses. Therefore, fol ing













where A and m r constant ttin parame rs that ne d to be det rmined experi en-
tally. Th calcul tion perfor ed by Wildemu h nd Williams [1984] on th x e i ts
of Maron a d co-worke s re eal d th t m is p itiv and its alue is roughly close to ity,
and 0.6 < A < 5 Thes s i ted v lu s are calculated fo a ser es of experim in
which a t n ency t aggr ati n i repo t d, ther fore we b lieve hat th se fi t n a-
rameters are con a t for sus e ions of n n-aggr g ti g rigi s h rical p rticles. T nd
he act l v lue f hese pa a te s, o e needs to p rfor a omprehensive experi tal
stud n the rh ol gy f pheric l o -aggregat d usp s s c sidering all factor at
cause sh ar thi i . The , u g ur del by assuming specified alues f  0t ,  t d
the f ct that ⌦ 1(⌧) ⇥ [⌘(⌧) C ⇡ 4. , o e c n find a close pproximation for A a .
O c we hav A nd m, w have e c s d form fo mul tion to predict he vis si
a y suspe ion inclu i g sphe ical o -B ownian and non-aggregating pa ticles.
Th p e ent d cl s form for ti however ca not be used for suspensions of n-
Brownian and n-aggreg ting par i l s that pos ess niso etric shapes. Firstl , t
esti ed l e f ⌦ 1(⌧)⇥ [⌘(⌧)] might var from 4.1 significantly. Secondly, Eq. 5)
is not a plicable to predict the shear-dep ndent beh vior of the crowding factor, be se
there are o strong co str int on  0t and  
 
t for suspen ions of irregular shaped par i les.
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τ = 5 Pa, −1 = 1.841, [η ] 2.227
τ = 10 Pa, −1 = 1.941, [η ] = 2.112
τ = 20 Pa −1 = 2.04 , [η ] = .000
τ = 30 Pa −1 = 2.125, [η ] = 1.923
τ = 50 Pa −1 = 2. 15, [η ] = 1.851
τ = 80 Pa −1 = 2. 49, [η ] 1 825


















τ = 3 Pa −1 = 1.344, [η ] = 3.129
τ = 5 Pa −1 = 1.370, [η ] = 3.066
τ = 10 P , −1 = 1.409, [η ] = 2.979
τ = 15 P −1 = 1.439, [η ] = 2.918
τ = 20 P −1 = 1.475, [η ] = 2.842
τ = 30 P −1 = 1 493, [η ] = 2.811
τ = 0 P −1 = 1 518, [η ] = .765
τ = 80 P −1 = 1.551, [η ] = 2.707
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 t(⌧) d by extension ⌦(⌧) is e sier becaus we know the l er and upp r bo nds for the
particle packing configu ation at zero and very l rge shear res es. Therefor , following













where A and m are consta t fitting parameters that n ed be det rmined experimen-
t lly. Th alculation pe formed by Wilde uth and Willi s [1984] on the experiments
of Maron and co-wo kers reveal d that is pos tive and its lue is roughly close t unity,
and 0.6 < A < 50. These estimated values are calculate r a series of exp rim nt in
which a tend ncy o aggr gation is p rt d, th refore we liev that these fitting pa-
ra et rs ar c ns an for u pens o s of on-aggreg ting ri i pherical particles. To find
the a tu l val e f thes a a e ers, o needs o p rfo omprehensive experimental
study o th rh logy of s h ical non-a gr gated su pensi ns considering all f c ors that
caus s a th n hen, u i g our model by a suming ecified values of  0t ,  
 
t and
he fact th t ⌦ 1( ⇥ [⌘(⌧)]C ⇡ 4. , an fin close pr ximation for A and m.
O e w h v A d m, w ave the cl sed for ormulatio to predict the viscosity f
any suspension including spherical non-Brow ian and non- gregati g particles.
The pre nted clos d form for ulati n however ca not b sed for suspensio of non-
B ow ian n n n-aggr ga ing parti les hat po e s a i etric shapes. Fir tly, the
est mated value f ⌦ 1 ⌧)⇥ [⌘(⌧)]C might va y from .1 si ificantly. Secondly, Eq. (25)
is ot app i able to pr dic he sh ar-d p dent behavior o h crowding factor, because
there ar n strong constraints on  0t and  
 
t for uspe sio f ir egular shaped rticle .
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2. 7
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2. 2
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2. 0
τ = 30 Pa, Ω−1 = .125, [η ] = 1. 3
τ = 50 Pa, Ω− = 2.215, [η ] = . 1
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1. 5

















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3. 9
τ = 5 P , Ω−1 = 1.370, [η ] = 3. 6
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2. 9
τ = 5 Pa, Ω−1 = 1.439, [η ] = 2. 8
τ = 0 Pa, Ω−1 = 1 475, [η ] = 2. 2
τ = 30 Pa, Ω−1 = 1 493, [η ] = 2. 1
τ = 50 Pa, Ω−1 = .518, [η ] = 2. 5
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2. 7
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 t(⌧) a d by extension ⌦(⌧) is easier because we know the lower and u per b ds for the
particle packing c nfigu ation at zer and very larg ear str se . Ther f , following














where A nd m are co tant fitting parameters that need to be d termine xperimen-
tally. The calcul tion p rforme by Wildemuth nd Williams [1984] o the p riments
of M ron and co- or ers revealed that m is positive and its valu is roughly cl se to unity,
and 0.6 < A < 50. These estimated values are calculat d for a series of e e iment in
which a te dency to aggregati n is re ort d th refore we believe that the e fit ing pa-
ramete s ar consta t f r suspe sions of n - ggre ati g ri d spherical arti les. To find
the actual valu of th se parameters, one eeds t perfor a comprehensive rim ntal
study on th rheology of spherical non-aggregated suspe ions considering all factors that
cause s ear hinni g. T en, u i g ur odel by suming pecifie values of 0t ,  
 
t and
t e fact t at ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , one can find a clos approxi a io f an m.
On e we ave A a d m, w h ve t cl s d f rm form latio to predict th iscosity of
ny s spensi n including pherical non-Br w i n and non-ag regating parti l .
The presen d cl ed form form lation however can ot be used for u pen i ns of non-
ow a a d non-aggreg i g particl s t at possess anisometric shapes. i s ly, the
e ima ed value of ⌦ 1(⌧) [⌘(⌧)]C ight vary from 4. sig ifica tly. Secon l , Eq. (25)
is t applicable to predict the shear-dependent behavior of the crowding fa r, because
th re a e no tr ng constraint o  0t a d  
 
t fo suspe si ns of irregular sha particles.
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(a) (b)
(c)
FIG 5. A figure ca ion. The figure captions are automatically n mbered.
? studied he i terrelation of [⌘]C and ⌦ with res ect to c anges in the shear stress, and
c nclud d hat the exponent of Eq. (4) is nearly invaria t with r spect to the applied shear
stress. T is reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
W  conclude that














rp = 5Shear rate 5
= 3.0E − 4



















Ω− 1× [η ]C → 4.5
This study
Ω−1 = 1.071, [η ] = 4.2
Ω−1 = 1.363, [η ] = 3.5














rp = 5Shea rate 5
= 3. E − 4



















Ω− 1× [η ]C → 4.5
This study
.071, [ ] 4.2
Ω−1 = 1.363, [η ] = 3.5
(a)
(b)















Shear rate 3 0 5
= 3.0E − 4



















Ω− 1× [η ]C → 3.55
rp = 0.153
This study
Ω−1 = 0.75 , [η ] = 4.7
Ω−1 = 0.959, [η ] = 3.7















Shear rate 3 0 5
= 3 0E − 4























Ω−1 = 0.959, [η ] = 3.7
(c)
(d)
















































































τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825


















τ = 3 Pa, Ω−1 = .344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upp r bounds for the
particle packing co figuration at zero and very large shear stresses. Therefore, following













where A and m are constant fitting parameters that need to be determined experimen-
t lly. T e cal ulat on erformed by Wildemuth and Willia s [1984] on the experiments
of Maron and co-workers revealed that m is positive and its value is roughly close to unity,
and 0. < A < 50. These estimated values are calculated for a series of experiment in
which a tende cy t aggregatio is reported, herefore we believ that these fitt g pa-
rameter are constant for suspensions of non-aggregat ng rigid spherical particles. To find
the ctual value of these parameters, one needs to p rf rm a comprehensive experimental
study on the rheology of spherical non-aggregated suspensio s c nsidering all factors that
cause shear thinning. Then, usi g our model by as uming specified v lues of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a close approximation for A and m.
Once we hav A and m, we have the closed form formulation to predict the viscosity of
any suspensio including spherical non-Brownian an non-aggregating particles.
The present d closed f rm formulation h wever c not be used for suspensions of non-
Brownian and n n-aggreg ting particles that possess anisom tric shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly. Secondly, Eq. (25)
is not applicable to pr dict the shear-dependent behavior of the crowding factor, because
th re are no strong const aints on  0t and  
 
t for suspensions of irregular shaped particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 2.0 9, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 0 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 2. 49, [η ] = 1.825


















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 1.493, [η ] = 2.811
τ = 50 Pa, Ω 1 518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI T AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extensio ⌦(⌧) is easier because we know t e lower and upper bounds for the
p ticle packing configurati n at z ro and very large shear str sses. Therefore, following













where A an re cons ant fitting para ters that need to be deter ined experi en-
t ll . The calcul tion performed by ilde uth and illia s [1984] on the experi ents
of ron and o-workers revealed that is positive a d its alue is roughly clos to unity,
and 0.6 < A < 50. T s estima d v lues r lculated for a s r s of experi ent in
which a ten ncy to aggregation i rep rted, t refore we believe that these fitting pa-
ra eters re cons a for uspe sio s of non-aggregati g rigid sphe ical particle . To find
the actu value of th se p ramet rs, o n eds per a co prehensive xperi ntal
study on th rheology of pheri al non-ag regated uspen io s consideri all f ctors that
c u e shear hinning. Then sing our model by assu ing spe ified values f  0t ,  
 
t and
th fa that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , one can find clo e ap roxi ation for A and m.
Once we have A and , w h v th cl sed fo or ulation to pred t the visc sity of
any suspensio i c uding spherical on-Brownian nd non- ggregating pa ticles.
The pres nt d clo e for fo mula i n h wever n ot b us for susp nsion of non-
Brownian and non-aggregating particl s hat osse s aniso etric shapes. F rstly, e
esti ated value of ⌦ 1(⌧)⇥ ⌘ ⌧)] ight vary f o 4.1 signifi antly. Secondly, Eq. (25
is not applicable to predict the shear- ependent b havior of the crowding factor, because
t er r no strong constraints on  t and  
 
t for suspensions of irregular shaped particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = . 25, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825


















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω− = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI T AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by ex e sion ⌦(⌧) is e sier because we kn w t lower and upper bounds for the
article packin configur tion at z ro and very large shear stre ses. Therefore, following













where A an m are co stant fitting param rs that eed to be determined experi en-
tall . Th c lcul tio erformed by Wildemuth and Williams [1984] on th experime ts
of M ron and co-workers re eal d th t is p it e and its value is roughly close to unity,
nd 0.6 < A < 5 . Thes s i t d valu s a c lculated for series of xperiment in
whic a te ncy to aggr gatio i eport d, therefore we beli v th t these fitting pa-
ramet rs re ons ant for suspensions of n-aggregati g rigi spherical p rticles. To find
h actual value of t se p ra ete s, o e n e s to p rform a comprehensive experimental
study o th rh ol gy of heri al non-ag regated susp nsions c sidering all factors that
cau e sh ar thin ing Then us ng our m del by assuming specified values of  0t ,  
 
t and
the fact tha ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, o e can find a close approximation for A and m.
O c we have A and we hav th cl sed form f rmul tion to predict the vis osity of
a y su sio i clu g sphe ical non-B n an and non-aggregating particles.
The pre en d closed fo formulation however ca not be used for suspensions of non-
Brown an and n n-aggregating par icles t t possess anisometric sh pes. Firstly, the
estimated lue of ⌦ 1(⌧)⇥ [⌘(⌧)]C might var from 4.1 significantly. Secondly, Eq. (25)
is not a plicable to predict the shear- ependent beh vior of the crowding factor, because
th r re no strong co straints on  0t and  
 
t for suspen ions of irregular shaped particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω− 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825


















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAR UGHI ET AL.: HEOLO Y OF CRYSTAL BEARING MAGMA
 t(⌧) and by xtensio ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing c nfigurati n at zero and v ry large shear stresses. Therefore, following













h re A and are cons ant fitting parameters that need to be determined experimen-
tally. Th calculation form d by Wild mut and Williams [1984] o he experiments
of M ron d co-workers revealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. Th se es imated values ar alculated for a series of experiment in
which a t n ncy to aggreg tion is reported, therefore we believe that thes fitti g pa-
r m t a c ant fo suspe sions of no -aggregating rigi spherical particles. To find
th actual value of these para eters, on needs to erform a comprehensive experimental
study o th rh o ogy of s h ical non-agg gated su pensions considering all fact rs that
caus s e th nning. Th , using our model by assuming specified values of  0t ,  
 
t and
the fact th ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , on ca fin a close approximation for A and m.
Once we have and m, we have the cl sed form formulatio to predict the viscosity of
ny uspension including spheric l non-Brownian and non-aggregating particles.
Th p e e ted closed form formula ion however cannot be used for suspensions of non-
Brownia and o -agg g i g par i les that po sess anisometric hapes. Firstly, the
sti ated v lue f ⌦ 1(⌧)⇥ [⌘(⌧)]C m ght va y from 4.1 sig ificantly. Secondly, Eq. (25)
is ot applicable to predict the sh ar-dependent behavior of the crowding factor, because
the e are no strong co s raints on  0t and  
 
t for suspensions of irregular shaped particles.
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τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = .049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825


















τ = 3 Pa, Ω−1 = 1. 44, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω− = 1.409, [η ] = 2.979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 50 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI T AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) a d by extension ⌦(⌧) is easier because we know t lower and upper bounds for the
particl packing c nfigur tion at zer an very larg ear stresse . Therefore, follo ing













wh re A and are constant fitting parameters that need to be determined experimen-
tall . The calcul tio perform d by ildemuth and Williams [1984] on th experi n s
of M ron and co-workers re ealed that m is positive a d its value is roughly close to unity,
and 0.6 < A < 50. These esti at d valu s are c lculated for a s ries of experiment in
w ich a ten ency to aggr gation is reported, therefore we believe that these fitting pa-
r t rs ar constant for susp sions of non-aggregating rigid spherical particles. To find
th actual v lue of hese parameters, o e n eds to erfo m comp ehensive experimental
study on th rh ology of sph i l on-ag reg ted suspensions considering all factors that
cause shear thinning. Then usi g our model by assuming specified values of  0t ,  
 
t and
th act that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, o e ca find a clos approximation for A an m.
Onc we have A d , we ha th closed form f rmulati t predict the viscosity of
ny sus ensi n i lu i g spheric l non-Browni n and non-aggregating particles.
The present d los form fo mulation however not b use for suspensions of non-
Br wnian nd - greg ng particles th t possess anisometric shapes. Firstly, the
estim ted value of ⌦  (⌧) [⌘(⌧)]C m ght var from 4. significantly Secondly, Eq. (25)
is not applic ble to predict the shear- e endent behavior of the crowding factor, because
t e ar no s rong cons ai t n  0t a d  
 
t for suspensions of irregular shaped particles.
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(a) (b)
( )
FIG. . A figure c p ion. The figure captions are automatically n mbered.
? studied t e i terrelation of [⌘]C and ⌦ with res ect to changes in the shear stress, and
concluded that t xponent of Eq. (4) i nearly invariant with respect to the applied shear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
We c nclude th t
































Ω− 1× [η ]C → 4.5
his study
1 071 2
1 1.363, [ ] .5













rp = 5Shear rate 5
.



















Ω− 1× [η ]C → 4.5
his study
1 071 2
1 1.363, [ ] .5
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Shear rate = 3.0E − 5
= 3.0E − 4



















Ω− 1× [η ]C → 3.55
rp = 0.153
This study
Ω−1 = 0.755, [η ] = 4.7
Ω−1 = 0.959, [η ] = 3.7















Shear rate = 3.0E − 5
= 3.0E − 4



















Ω− 1× [η ]C → 3.55
rp = 0. 53
This study
Ω−1 = 0.755, [η ] = 4.7
Ω−1 = 0.959, [η ] = 3.7
(c)
(d)


































.028, [η ] = 4.37
1 .364, [η ] = 3.3















































































τ = 5 a, −1 1.841, [η ] = 2.227
τ 10 a, −1 1.941, [η ] 2.112
τ 20 a, 1 2.049, [η ] 2.000
τ 30 a, 1 2.125, [η ] 1.923
τ 50 a, −1 2.215, [η ] = 1.851
τ 80 a, −1 2.249, [η ] 1.825


















τ = 3 Pa, −1 1.344, [η ] 3.129
τ 5 Pa, −1 = 1.370, [η ] 3.066
τ 10 Pa, −1 1.409, [η ] .979
τ 15 Pa, −1 1.439, [η ] 2.918
τ 20 Pa, −1 = 1.475, [η ] 2.842
τ 30 Pa, −1 1.493, [η ] .81
τ 50 Pa, −1 1.518, [η ] 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upp r bo nds for the
particle packing configuration at zero and very large shear stres es. Therefore, following













where A and m are constant fitting parameters that need to be determined experimen-
tally. T e calculation performed by Wildem h a d Williams [1984] n the experi n s
of M ron and co-worker rev aled that m is positive and its value is roughly close to unity,
d 0.6 < A < 50. These estimated values are calculated for a s ri s of experiment in
hich te dency o aggregation is r port d, h f re w beli ve hat these fit ing pa-
rameters re constant f r suspensions of non-aggregating rigid spherical particles. To find
the actual value of these parameters, one needs to perform a comprehensive experimental
study on the rheology of spherical no -aggregated suspensions consideri g all factors that
aus shear hinning. Then, using our odel by ssuming specified values of  0t ,  
 
t and
the fact t at ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, o e c n fi d a close approximatio for A a d m.
Once we have A and m, we h ve the closed f rm formulation to r dict t e visc sity of
any susp nsion including spherical non-Browni and non-aggregating particles.
The pres nted closed form formulation however c nn t be used for suspen ns of non-
Br wnian and non-aggregating particles that possess anisometric shap s. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly Secondly, Eq. (25)
s ot applicabl to p edict the shear-depe dent behavior of the crowding factor, because
t e e are no strong constraints on  0t and  
 
t for suspensions of irregular shaped particles.
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5 , 1 .8 , [ ] .227
1 1 9 1 1 2
2 049 2 000
3 12 923
5 15 51
8 , 2 2 9 1 8 5



















5 , 1 .370, [ ] 3.066
0 79
15 39 9 8
2 75 42
3 493 8 1
5 18 65
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
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 t(⌧) and by extension ⌦(⌧) is easier because we know the lower and upp r bounds for the
particle packi g configuration at zero a d very larg hear str sses. Therefore, following













where A and m are constant fit ing parame ers hat eed to be determine xp rimen-
t lly. The calc latio pe formed by Wilde uth and William [1984] o the experim n s
of Maron and co-workers reveal d th t m is positiv d its valu is roug ly cl e t unity,
and 0.6 < A < 5 . These sti ated val es ar lculated for a s ries of experiment in
which a tend cy to a g egation is eport d, t eref e we b lieve hat th se fitting pa-
ramete s are constant for suspe sions of n -aggregating rigid sphe ical p rticle . To find
th actual value of these pa am ters, one eed to p rform a c mpreh nsive xperim n l
study on the rhe logy of spherical non-aggregated suspensions c sidering all factors th t
cause hear thinning. Then, usi g ur model by assumi g pecified values of  0t ,  
 
t d
th f ct that ⌦  (⌧) ⇥ [⌘(⌧)]C ⇡ 4. , o e can fin a cl se approxi tion for A and m.
Once w have A and , we have he closed f rm formul ti n to predict the visc si of
any susp ns o includin spherical non-Brownian and non-aggreg ting pa ti les.
The pre ented closed form formulati n howev r can ot be us d for suspensions of non-
Brownian nd non-aggregating particles th t possess aniso t ic sh pes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 signific ntly Sec dly, Eq. (2 )
is not applicable to predict t e shear-dependent behavior of the crowding factor, because
there are no strong constraints on  0 and   t for suspensions of irregular shaped particl s.
D R A F T Novembe 15, 2014, 8:07pm D R A F T
(a) b)
( )













































































5 , .8 , [ ] .227
1 1 9 1 112
2 049 2 000
3 2 923
5 15 5
80 , 2 2 9 1 8 5

























τ = 8 Pa, −1 = 1.5 1, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by exte sion ⌦(⌧) is e sier because we kn w the low r and upp r bounds for the
particle p cki g c nfigur tio at zero a v y large shear stresses. Theref re, following













wh r A and m are cons a fittin a amet rs th t ne d to be det rm ed xperimen-
t lly. Th c lcul tio p rfo d by Wildemuth and W lliams [1984] o the ex ime ts
of Maron and co-worke s re al d th t m is p iti and i s val e is roughl clo e to unity,
nd 0.6 < A < 5 T e s im t d v lu s are calculat d for s ries of experiment in
h a ten en y t ggr gation is rep rt , th ref re we believe that these fitting p -
rameters are cons a t for suspen ions of n-aggreg ti g rigid spherical p rticle . T find
e a t al v lue f these p a ete s, o e n ds o p rfo m c mprehensive experimental
study on the rh ology of p ric l -aggregat d susp nsi s c nside ng all factors tha
cause hear thi i . The , us ur m del by ssumi spe ified values of  0t ,  
 
t and
the f ct t at ⌦ 1(⌧ ⇥ [⌘(⌧)]C ⇡ 4.1 one c n find a close approximatio for A and m.
Onc we h ve A and m, we have the closed form formulati to pred t the viscosity of
a y sus ension inclu i g sph ical no -B ownian nd on-a greg ting pa ticles.
The p e ented closed form for l tion how ver ca not be used for suspensions of non-
Browni n an n n-agg eg ting par icles that possess anisome ric shapes. Fi stly,
estimated lue of ⌦ (⌧)⇥ [⌘(⌧) might var fr m 1 sig ificantly. Secondly, Eq. (25)
is not a licable to predict the shear-dependent beh vior of the crowding factor, because
there are o strong co str ints on  t and  
 
t for suspen ions of irregular shaped particles.
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τ 5 Pa, Ω−1 = 1.841, [η ] = 2.2 7
τ 10 Pa, Ω−1 1.941, [η ] 2.112
τ 20 Pa, Ω−1 = 2. 9, [η ] 0 0
τ 30 Pa, Ω−1 = 2.125, [η ] 1.923
τ 50 Pa, Ω−1 .215, [η ] 1.851
τ 80 Pa, Ω−1 = 2.249, [η ] .825


















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.37 , [η ] = 3.066
τ = 10 Pa, Ω−1 = .409, [η ] = 2.979
τ 15 Pa, Ω−1 = .439, [η ] 2.918
τ = 20 Pa, Ω−1 = 1.475, [ ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 5 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extens on ⌦(⌧) is easier because we know the lower and upper bounds for the
particle pack ng configu ation at zero and very l rge shear stresses. Therefore, following










)(1 + A⌧ m) 1
◆
  1 (25)
wh re A and m e const nt fitting parameters that need to be d termined exper men-
tal y. Th l ulation pe form by Wild uth a d Wi liams [1984] on h experiments
of Maron and co- ork rs revealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. These estima ed values re calculated for a series of experiment in
which a tend nc o aggreg tion is reported, therefore we believe that these fitting pa-
ramet rs ar consta t f r uspensions of non- g regating rigi spherical p rticles. To find
he ctu l va of thes pa a e rs, o ds o p fo a comprehensive experimental
s udy o t rh logy f sphe al n -aggr gated su p nsions consid r ng ll f rs that
caus shear thin ing hen, using our odel by assuming specified values of  0t ,  
 
t and
the fact th t ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ . , on can fin a close pproximatio for A and m.
O e we h ve A and m, we have the closed form formulation o predict the viscosi y of
any susp nsi n includi g spherical on-B wni n and non-aggregating particles.
Th pr sent d clo ed form f l i how ver c nnot be used for susp nsions of non-
B ownian an non- ggr ga ing p rti les t a po ses a isomet ic hapes. Firstly, the
est mated value f ⌦ 1 ⌧)⇥ [⌘(⌧)]C might va y from .1 sig ificantly. Secondly, Eq. (25)
is n t applic ble to predict the shear-depend nt b havior of th crowding factor, because
there are no strong con traints on  0t d  
 
t for suspensions of irregular shaped particles.
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5 a, 1 .8 , [ ] .227
1 a 1 9 1 112
2 049 2 000
3 12 923
5 15 51
80 , 2 2 9 1 8 5

























τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extension ⌦(⌧) is easier becau e we know th lower and upper bounds for the
particle packing c nfiguration at zer and very larg ear stresse . Therefore, following










)(1 + A⌧ m) 1
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  1 (25)
where A nd m a e on ta t fitting param ters hat ne d to b determined experimen-
tally. The calcul tion p f rmed by Wildemuth a d Williams [1984] on the experiments
of M ron and co-workers rev al d that m is positive and its value is roughly clos t unity,
and 0.6 < A < 50. hese stimated values are calculated for a series of experiment in
w ich a te dency o ggregation is reported, therefore we believe that these fitting pa-
rameters ar consta t for s spe sions of non-aggregating rigid spherical particles. To find
the actual value f thes par meters, one nee s to pe form a c mprehens e experimenta
stu y on the rh ology of spherical no -aggregated suspensions considering all factors that
cause s ar hinning. T n, u our model by suming s ecifie value of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ .1, o e can find a clos approximation for A an .
On e we hav A a d m, we have the clos d for formulation o predict the viscosity of
y suspensi n inclu ing sp erical non-Br wni n and non-agg egating particles.
The presen ed closed form formulatio however cannot be used for suspensions of no -
rown a and n -aggreg ti g p rticl s th t posses anisometric shapes. Firstly, the
e imated value of ⌦ 1(⌧) [⌘(⌧)]C ight vary from 4. significantly. Secondly, Eq. (25)
i ot lic bl to re ict the she r-depend nt be avi r of t e c owdi g fac r, becaus
there are no r g constr i o  0t a d  
 
t fo sus e sions of ir egular shaped particles.
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(a) (b)
(c)
FIG. 5. A figure ca ion. The figure c pti ns ar automatically n mbered.
? studied the i terrelation f [⌘]C and ⌦ with res ect to chang s in the shear stress, and
concluded that the exponent of Eq. (4) is nearly invariant with respect to the applied shear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
We conclude that














rp = 5Shear ate = 3.0E − 5
= 3. E − 4



















Ω− 1× [η ]C → 4.5
This study
Ω−1 = 1.07 , [η ] = 4.2
Ω−1 = 1.363, [η ] = 3.5
(a)
(b)














Shear rate = 3.0E − 5
= 3.0E − 4



















Ω− 1× [η ]C → 3.55
rp = 0.153
This study
Ω−1 = 0.755, [η ] = 4.7


















































































































τ 5 a, 1 1.841, [η ] = 2.227
τ 10 a, −1 1.941, [η ] 2.112
τ 20 a, −1 2.049, [η ] = 2.000
τ 30 a, −1 2.125, [η ] 1.923
τ 50 a, −1 2.215, [η ] 1.851
τ 80 a, −1 2.249, [η ] = 1.825


















τ 3 a, −1 1.344, [η ] 3.129
τ 5 a, −1 1.370, [η ] 3.066
τ 10 a, −1 1.409, [ ] 2.979
τ 15 a, −1 1.439, [η ] 2.918
τ 20 a, −1 1.475, [η ] 2.842
τ 30 a, −1 1.493, [η ] 2.81
τ = 50 Pa, Ω−1 = 1.518, [η ] 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by exte sion ⌦(⌧) is easier because we know the lower and upper bounds for the
particle packing configuration at zero and very large shear stresses. Therefore, following












  1 (2 )
where A and m a e constant fitting parameters that n ed to be determined experimen-
tally. The calcul tion perfo med by Wildemuth and Williams [ 984] n the experi ents
of M ron and co-workers reveal d that m is ositive and its value is r ughly close to unity,
and 0.6 < A < 50. Th e estimated va ues re calculated fo a series of xperiment in
which a te dency to aggrega ion is reported, therefore we believe that these fitting pa-
rameters are c nstant for suspensions of non-aggregating rigid pherical artic es. To find
t e actual value of these parameters, one needs to perform a comprehensive experime tal
study on t e rheol gy of spherical non-aggr gated susp nsi ns cons deri g all factors that
cause she r hi ning. Then, using our model by ass ing spec fied values of  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , o e can fin a close approxima i or A and .
O c we have A and m, we h ve the closed form formulation to r dict t e viscosity of
any susp nsion including spherical non-Brownian and non-aggregating particl s.
The prese te closed form formulation however cannot be used for suspensions of on-
Brownian an non-aggregating particles th t possess anisometr c shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly. Secondly, Eq. (25)
s not applicabl to p edict the shear-depende t b havior of the crowding fac or, because
there are no stron constr ints o  0t and  
 
t for suspensi s of irreg lar shaped particles.
D R A F T Nov mber 15, 2014, 8:07pm D R A F T
(a) (b)
(c)
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τ = 80 Pa, Ω 1 = 1.551 [η ] = 2.707
X - 30 S.A. FAR UGHI ET AL.: HEOLOGY OF CRYSTAL BEARIN MAGMA
 t(⌧) and by extension ⌦(⌧) is easier because e know the lower and pper bounds for the
particle packing configura ion at zero a d very large shear stresses. Theref re, following













where A and m are co stant fitting paramet rs at ed to be et rmin d experim -
tally. The calculation p rformed by Wilde uth and Williams [1984] o the experim nts
of Maron and co-workers revealed th t m is po itive nd its valu is ug ly cl se o uni y,
n 0.6 < A < 50. These sti ated values ar cal ulated for a series of experim nt in
which te d ncy to aggregation is r ted, e efore we believe that these fitting pa-
rameters are st nt f r suspensio s of n n- ggr g ing igid sphe ical particle . To fi d
the actual value of th se arameters, one eeds t perform a compr hensive xperi ent l
study on th rhe logy of sph ri al non-aggregated susp nsions co idering ll f c ors th t
cause shear thinning. Then, usi g o r model by a sumi g sp cified val es of  0t ,  
 
t a d
th f ct that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , on c fi cl se pp oxim tion for A an m.
Once we have A and m, we have the closed form f rmul ti n to predict the visc sity of
a y suspensio i cludin spheric l on-Br wnian nd no -ag reg ting pa ticles.
Th presented clos d form formul ti n ow v r can o be u d for u pensions of n n-
Brownian and no -aggregat g particles that poss ss niso tric shapes. Firstly, he
es imated v lue of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 ignifi a tly Seco dly, Eq. (25)
is not a plicable t predict t e s ar-d ndent b havior of the crowding fa tor, because
there are no strong constraints on  0 a d   t for suspensions of irregular sha ed particl s.
D R A F T November 15, 2014, 8:07pm D R A F T
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τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S. . FAROUG I ET L.: RHEOLOGY OF CRYST L BEARING MAGMA
 t(⌧) and by ext sion ⌦(⌧) is e sier because we kn w the lower and upper bounds for the
particle packing configur tio at zero and very large shear stresses. Therefore, follo ing













w er A and m are constant fittin p ramet r that n d to be d t rmined experi en-
tally. Th c lcul tion perf rmed by Wildemu h and Williams [1984] on the ex e i e ts
of ron nd co-worker re eal d th t m is p iti nd its val e is roug l clo e to ity,
nd 0.6 < A < 50. These s im ted v lues are calculated fo a series of experime t in
which a t n ency to ggr ati n i report d, th r fore we beli ve that these fitting a-
rameters ar cons nt f r sus ensio s f n-aggr gati g rigid sph rical p rticles. T nd
he ac l value f t es para ete s, o e n eds to p rfor comprehe sive experi e tal
stud on t e rh ology of p erical no -aggregat d susp s s c side ing all factors t a
cause shear thin i g. The , us g our model by assuming specified values f  0t ,  t a d
he f ct tha ⌦ 1(⌧ ⇥ [⌘(⌧) C ⇡ 4.1 o e can find a close approx mation for A an .
O c we h ve A and m, w have the closed form formulation to predict he vis sit of
a y suspe s on inclu i g sph ical -B ownian and n-a greg ting p ticles.
T e res nted cl sed form for l ti however c not be us d for suspensi ns of on-
Browni and n -aggreg ting particles that possess nis metric shapes. Fi stl , t e
estimated lue of ⌦ 1(⌧)⇥ [⌘(⌧)] might var from 4.1 significantly. Secondly, Eq. (25)
is not a licable t predict the shear-dependent beh vior of the crowding factor, beca se
there are n str ng co straints on  0t and  
 
t for suspen ions of irregular shaped particles.
D R A F T November 15, 2014, 8:07pm D R T
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(c)















































































τ 5 P , Ω−1 1.8 1, [η ] 2.227
τ 10 Pa, Ω−1 1.941, [η ] 2.112
τ 20 Pa, Ω−1 2.049, [η ] 2.000
τ 30 Pa, Ω−1 .125, [η ] .923
τ 50 Pa, Ω−1 2.2 5, [η ] = 1.851
τ 80 Pa, Ω−1 2.249, [η ] 1.825


















τ = 3 Pa, Ω−1 .344, [η ] = 3.129
τ = 5 Pa, Ω−1 = .370, [η ] = 3.066
τ = 10 Pa, Ω−1 1.409, [η ] = 2.979
τ 15 P , Ω−1 1.439, [η ] 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 5 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 P , −1 = 1.551, [η ] = 2.7 7
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL RING MAGMA
 t(⌧) a d by extension ⌦(⌧) is easier because we know the l er and upper bounds for the
particle packing configu ation at zero and very l rge hear stresses. Therefore, following














wh r A and m a e cons a t fitting para eters that need t be determined experimen-
tally. T e c lculation perform d by Wi d muth a d Willi [1984] on the experiments
of Mar n and c - o kers reveal d that is positive and its lue is roughly close t unity,
nd 0.6 < A < 50. Th s esti a values are calc lat f r a series of experiment in
w ich e de c to aggr g ion is repor , ther fore we e ieve that these fitting pa-
rameter are c nstan for spens ons of n- ggr ga i g rig spherical particl s. To find
the a tu l valu f t es a a e ers, one n ds o p rfo comprehensive exp iment l
s udy o th rh olo f sphe ical non- g gate su pensi s considering all f ctors that
ca s s a th n i h n, us g our del by assuming s ecifi d values of  0t ,  
 
t and
the f ct th t ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , on can fin a close pr ximation fo A and m.
O e we h ve A nd m, w ave the close form rmulati to predict the viscosi y f
any susp nsi n includi g spheric non-B w i and non- gr g ting particles.
T pr sent d clo d form f r ul ti n however ca no be e for uspensio s of non-
B ow ian n non-a gr ga ing p rti les that po sess anis etric shapes. Firstly, the
es im ted valu f ⌦ 1 ⌧)⇥ [⌘(⌧)]C might va y fr m . si ificantly. Secondly, Eq. (25)
is n t app ble to p edic h sh ar-d e den behavior of th crowding factor, because
there are n strong constraints on  0t and  
 
t for suspensio s f irregular shaped articles.
D R A F T Novembe 1 , 2014, 8: 7p D R A F T
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1 1 9 1 112
2 2 049 2 000
3 12 923
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5 , 1 .370, [ ] 3.066
0 0 979
5 39 918
2 . 75 842
3 1 493 811
5 18 765
τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHE LOGY OF CRYSTAL BEARING MAGMA
 t(⌧) a d by extension ⌦(⌧) is e sier because e know th lower and u er bo ds for the
particle packing c nfigu ation at zer and very lar ear stre se . Ther fore, following













where A and m are co stant fitting parame ers that need to be determine experimen-
tally. The calculatio performe by Wild muth and Williams [1984] on the e periments
of M ron and co- orkers revealed t at m is po itive and its valu is roughly close to unity,
and 0.6 < A < 50. These stimat d values are calculat d for a series of e e iment in
which a t nd ncy o aggreg tion is r p rt d, the efore we b lieve that th se fitting pa-
ramete s ar consta for suspe sions of n n-aggr g ting rigid sph rical particles. T fi d
the actual value f these parameters, one needs to perform a comprehensive e erimental
study on t rh ology of spherical no - ggregated s spe sio s considering all factors that
cause sh ar thinning. T , u i g ur model by s ming specifie values of 0t ,  
 
t and
t e fact t at ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, o e can find clo approxi a ion for a .
Once e av A and m, we have t e closed f r form lati to predict the i cosity of
y s spension in lu ing sp erical on-Br w n and non-aggregating particles.
The presen ed closed f rm formulati however can ot be used for uspensions f non-
Brow ian d non- ggr g ting rticle that oss s anisometri s es. irstly, the
e ima ed value of ⌦ 1(⌧) [⌘(⌧)]C ight vary from 4. significantly. Secon l , Eq. (25)
i ot plicabl to predi t the h r-depe dent behavior of th crowding f ctor, because
he e are no str ng c nstr ints on  0t a d  
 
t for suspensions f irregular sha particl s.
D R A F November 5, 2 14, 8: 7pm R A F T
(a) (b)
(c)
FIG. 5. A figure cap ion. The figur captio s are utomatically n mbered.
? studi d he i terrelation of [⌘]C and ⌦ with res ect to c nges in the shear stress, a d
co cluded that the exponent of Eq. (4) is early invariant with respect to the applied shear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
We conclude that














rp = 5Shear rate 0 5
= 3.0E − 4



















Ω− 1× [η ]C → 4.5
This study
Ω−1 = 1.071, [η ] = 4.2
Ω−1 = 1.363, [η ] = 3.5














rp = 5Shear rate 5
= 3.0E − 4



















Ω− 1× [η ]C → 4.5
This study
.071, [ ] 4.2
Ω−1 = 1.363, [η ] = 3.5
(a)
(b)















Shear rate 3.0 5
= 3.0E − 4



















Ω− 1× [η ]C → 3.55
rp = 0.153
This study
Ω−1 = 0.755, [η ] = 4.7
Ω−1 = 0.959, [η ] = 3.7














She r rat 3.0 5
= 3.0E − 4























Ω−1 = 0.959, [η ] = 3.7
(c)
(d)
















































































τ = 5 Pa, Ω−1 = 1.841, [η ] = 2.227
τ = 10 Pa, Ω−1 = 1.941, [η ] = 2.112
τ = 20 Pa, Ω−1 = 2.049, [η ] = 2.000
τ = 30 Pa, Ω−1 = 2.125, [η ] = 1.923
τ = 50 Pa, Ω−1 = 2.215, [η ] = 1.851
τ = 80 Pa, Ω−1 = 2.249, [η ] = 1.825


















τ = 3 Pa, Ω−1 = .344, [η ] = 3.129
τ = 5 Pa, Ω−1 = .370, [η ] = 3.066
τ = 10 Pa, Ω−1 = 1.409, [η ] = .979
τ = 15 Pa, Ω−1 = 1.439, [η ] = 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = .81
τ = 50 Pa, Ω−1 = 1.5 8, [η ] = 2.765
τ = 80 Pa, Ω−1 = 1.551, [η ] 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) an by ex e sion ⌦(⌧) is e si r because we kn w the low and upper bounds for the
particle packing configuration at zero and very large shear stresses. Therefore, following













where A and m are constant fitting par meters that need to be determined experimen-
tally. The cal ulation perfor ed by Wildemuth a d Williams [1984] n the experi ents
of M ron nd co-w rkers rev aled that m is positive and i s value is oughly close to unity,
and 0.6 < A < 50. These estimated values are c l ulated for a series of experiment in
which a te ncy to a gregation s repor ed, therefore we believ that these fitti g pa-
rameters are constant for suspensions of non-aggreg ti g rigid spherical particles. To find
the ctual value of these parameters, one needs to perf rm a comprehensive experimental
study on the heology of sph rical non-aggregated susp nsions considering all factors that
cause she r thinning. Then, using our model by as uming specified values f  0t ,  
 
t and
the fact that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, one can find a close approximation for A and m.
Once we hav A and m, we h ve the cl sed form formulation to r dict the viscosity of
a y suspension i cludi g spheric l non-Brownian and non-aggregating particles.
The present d closed f rm formulation h wever c not be used for suspensions of non-
Brownian and non-aggregating particles that possess anisometric shapes. Firstly, the
estimated value of ⌦ 1(⌧)⇥ [⌘(⌧)]C might vary from 4.1 significantly. Secondly, Eq. (25)
is not applicable to predic the shear-dependent behavior of the crowding factor, because
th re are o strong const aints on  0t and  
 
t for su pensions of irregular shap d particles.
D R A F T November 15, 2014, 8:07pm D R A F T
(a) (b)
(c)
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1 1 94 112
2 0 9 2 000
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τ = 80 Pa, Ω 1 = 1.5 1, [η ] = 2.707
X - 30 S.A. FAROUGHI T AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by extensio ⌦(⌧) is easier because we know t lower and upper bounds for the
p ticle packing configuration at zero and very large shear stresses. Therefore, following













where A a are ons ant fitting para et rs t at need to be deter in d experimen-
t ll . The calcul tion perfor ed by ilde uth and illia s [1984] on the experiments
of M ron and c -workers revealed that is po itive d its valu is roug ly close to unity,
and 0.6 < A < 50. T s sti a d v lue ar lculated for s r s of experi ent in
which a ten ncy to aggrega ion is r p rted, t refore we believe that these fitting pa-
ra eters re cons an for suspensions of non-aggregati g rigid sphe ical particle . To find
t e actu l value of t s p ramet rs, o n s per a c prehe sive xperim nt l
study on heology of spheri al non-ag rega ed suspensio s conside i all f ctors th t
cau e she r thin i g. T en si g our odel by assu ing specified values f  0t ,  
 
t and
the fact t at ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4. , one can find cl appr xi ation for A and m.
Once we have A and , w have th closed fo or ulation to predi t the visc sity of
any s s ensio i c u ing sphe ical o -Brownian and non- ggreg ting pa ticles.
The pre n d losed for formul ion h w v n ot be us d for susp nsion of non-
Brownian and n n-aggregati g particle hat posse s aniso etric shap s. F rstly, e
esti ated value of ⌦  (⌧)⇥ [⌘(⌧)] ight vary fro 4.1 significantly. Secondly, Eq. (25)
is not pplicable to predict the shear- ependent b h vior of th crowding factor, because
there re no strong constraints on  t and  
 
t for suspensions of irregular shaped particles.
D R A F November 15, 2014, 8: 7pm D R A F T
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5 , 1 .8 , [ ] .227
1 1 9 1 112
2 049 2 000
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τ = 8 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI T AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) and by ex e sion ⌦(⌧) is e sier because we kn w t lower and upper bounds for the
particle packing configur tion at zero and very large shear stresses. Therefore, following













where A n m re co t nt fit ing param t rs that need to be de ermined experimen-
tall . Th c lcul tio performed by Wildemuth and Williams [1984] on the experiments
of Maron and co-w rkers re eal th t is p iti e and its val e is roughl close to unity,
nd 0.6 < A < 50. Thes esti t d v lu s a c lcula ed for a series of experiment in
whic a te ncy to aggr gatio i report d, t refore we beli ve th t these fitting pa-
r et rs re ons ant for suspensions of n n-aggregati g rigi spherical p rticles. To find
actu l v lue of t se para ete s, e e s to p rform a comprehensive experimental
study o th rh ology of eri al n n-ag regat d susp nsions c side ing all factors tha
cause sh ar thi ing. Then us ng our model by assuming specified values of  0t ,  
 
t and
the fact ha ⌦  (⌧) ⇥ [⌘(⌧)]C ⇡ 4. o e can find a close pproximation for A and m.
On we have A and we have th closed form formulation to predict the viscosity of
any su e sio i clu g ph ical no -B n n and on- greg ting particles.
The pr nt d closed for formul tion however ca ot be used for suspensions of non-
Brown n nd n n-aggr gating p r icles t t possess anisometric sh pes. Firstly, the
e timated lue of ⌦ 1(⌧)⇥ [⌘(⌧)] might var fr m 4.1 s gnificantly. Secondly, Eq. (25)
s not a plicable to predict the shear- epend nt beh vior f the crowding factor, because
th r re no strong co straints on  0t and  
 
t for suspen ions of irregular shaped particles.
D R A F T November 15, 2014, 8:07pm D R A F T
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τ 5 Pa, Ω−1 = 1.841, [η ] 2.227
τ 10 Pa, Ω−1 1.941, [η ] 2.112
τ 0 Pa, Ω−1 2.049, [η ] 2.000
τ 30 Pa, Ω−1 2.125, [η ] 1.923
τ 50 Pa, Ω− 2.215, [η ] 1.851
τ 80 Pa, Ω−1 2.249, [η ] 1.825


















τ = 3 Pa, Ω−1 = 1.344, [η ] = 3.129
τ = 5 Pa, Ω−1 = 1.370, [η ] = 3.066
τ = 10 Pa, Ω−1 1.409, [η ] = 2.979
τ 15 Pa, Ω−1 1.439, [η ] 2.918
τ = 20 Pa, Ω−1 = 1.475, [η ] = 2.842
τ = 30 Pa, Ω−1 = 1.493, [η ] = 2.811
τ = 5 Pa, Ω−1 = 1.518, [η ] = 2.765
τ = 80 Pa, Ω−1 = .551, [η ] = 2.707
X - 30 S.A. FAROUGHI ET AL.: RHEOLO Y OF CRYSTAL BEARING MAGMA
 t(⌧) and by xt nsio ⌦(⌧) is easi r because we know the lower and upper bounds for the
particle packing c nfigurati n at zero and v ry large shear stresses. Therefore, following












wh A and are cons ant fit ing parameters that need to be determined experimen-
t lly. The calculation rform d by Wild mut a d Williams [1984] on the experiments
of M ron d co-workers revealed that m is positive and its value is roughly close to unity,
and 0.6 < A < 50. Th e es i ated values ar calculated for a series of experiment in
which a t ndenc t aggreg tion is reported, therefore we believe that these fitting pa-
r m te ar c s ant for su p s ons f non-aggregating rigi spherical particles. To find
the ctual value of thes para eters, on eeds t erform a comprehensive experimental
study on t rh o ogy f s e ical non-agg gated su pensions con idering all factors that
ca s s th n ing. Then, usi g our odel by assuming specified values of  0t ,  
 
t and
th fact th ⌦  (⌧) ⇥ [⌘(⌧)]C ⇡ 4. , on ca fin a close approximation for A and m.
Once we have A and , we have the closed form formulation to predict the viscosity of
y susp n ion ncludi g spherical non-B wni n and non-agg egating particles.
Th e t clos d form for ulation however cannot be used for suspensions of non-
B ownia and no -aggr ga i g par i les that po se s anisometric shapes. Firstly, the
sti at d value f ⌦ 1(⌧)⇥ [⌘(⌧)]C m ght va y from .1 sig ificantly. Secondly, Eq. (25)
is t ap icable to predict the shear-d pendent behavior of the crowding factor, because
the e are no strong constraints on  0t and  
 
t for suspensions of irregular shaped particles.
D R A F T November 1 , 2 14, 8:07pm D R A F T
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1 1 9 1 112
2 049 2 000
3 12 923
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τ = 80 Pa, Ω−1 = 1.551, [η ] = 2.707
X - 30 S.A. FAROUGHI T AL.: RHEOLOGY OF CRYSTAL BEARING MAGMA
 t(⌧) a d by extension ⌦(⌧) is easier because we know t lower and upper bounds for the
particl packing c nfigur tion at zer and very larg ear stresse . Therefore, follo ing










)(1 + A⌧  ) 1
◆
  1 (25)
wh re A and are constant fitting parameters that need to be determined experimen-
tall . The calcul tion perform d by demuth and Williams [1984] on th experiments
of M ron an co-workers re ealed that m is p sitive a d it val e is roughly close to unity,
and 0.6 < A < 50. These esti at d valu s are c lculated for a s ries of experiment in
w ich a ten ncy to ggr gation is port d, ther fore we believ that these fitting pa-
ramet rs ar constant for susp sions of no -aggregating rigid spherical particles. To find
th ctual value f these parameters, o e n eds to perform a comprehensive experimental
tudy on th r ology of sph i al on-ag reg ted suspensions considering all factors th t
cause shear thinning. Then using our model by ssuming specified values of  0t ,  
 
t and
th act that ⌦ 1(⌧) ⇥ [⌘(⌧)]C ⇡ 4.1, o e can find a clos approximation for A an m.
Onc we have A and , we ha th closed form f rmulati t predict the vi cosity of
ny suspensi i lu i g sp ric non-Br wni n and n n-aggregating particles
The res nt d los form formulatio however ca not be used for suspensions of no -
Brownian and n n-aggreg ing particles that posses anisometric shapes. Firstly, the
estimated value of ⌦  (⌧) [⌘(⌧)]C ght v r from 4. significantly. Secondly, Eq. (25)
is ot applicable to predict the h ar- ependent behavior of the crowding factor, because
t re ar no s rong cons ai t n  0t a d  
 
t for suspensions of irregular shaped particles.
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FIG. 5. A figure cap ion. The figure captions are automatically n mbered.
? studied t e i terrelation of [⌘]C and ⌦ with res ect to changes in the shear stress, and
concluded that the exponent of Eq. (4) is nearly invariant with re pect to the applied shear
stress. This reads as,
⌦ 1(⌧, rp) ⇥ [⌘(⌧, rp)]C ⇡ f(rp) (8)
8
We conclude th t
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Figure 6.7: The self-similar behavior in the relati e viscosity of suspensions of rigid oblate
and prolate particles under different shear rates. Panel (a) shows the results of numerical
simulation performed by Boek et al. (1997) on (colloidal) rigid prolate suspensions using
dissipative particle dynami s, and panel (b) shows the fitting results according to Eq. (6.9)
to obtain Ω−1 and [η]C . The outcomes indicate that the product Ω−1 × [η]C is invariant
with respect to the imposed shear rates. Panels (c) and (d) provide similar trends for the
results of numerical simulation by van der Kooij et al. (2001) conducted on suspensions
with (colloidal) rigid cylindrical disks as a proxy for platelet particles. Note that we use
the exact data points inferred from simulations in the fitting procedure; readers may refer
to the original papers for detailed discussions on the errors caused by numerical limitations
and instabilities.
Our aim here is to test this hypothesis, and constrain Ω−1(τ, rp)× [η(τ, rp)]C using available
published experimental and numerical datasets for suspensions of rigid spheroids.
Figure 6.7(a) shows the results of numerical simulations for the relative viscosity of a
(colloidal) suspension of rigid rod-like (prolate) particles with rp = 5 subjected to shear
rates of 3 × 10−5 [s−1] and 3 × 10−4 [s−1] up to 35% of particle volume fraction. These
calculations were performed by Boek et al. (1997) using dissipative particle dynamics for
randomly positioned and oriented particles. As expected, by increasing the applied shear
rates, particle are forced to orient along the principal direction of shear, which causes shear
thinning. In Fig. 6.7(b), we use Eq. (6.9) to explore the invariant nature of Ω−1× [η]C with
respect to the applied shear rates. The results of fitting procedures yields, as expected,
different values for each state variables, but Interestingly, the product of Ω−1 × [η]C is
constant. For these particular suspensions, the datasets associated with each of the two
applied shear rates are captured satisfactorily by Eq. (6.9) using Ω−1 × [η]C = 4.5.
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We proceed to further test our hypothesis for suspensions of disk-like (oblate) particles.
To this end, we use the results from the numerical calculations of van der Kooij et al.
(2001) for the relative viscosity of suspensions of rigid plate-like colloids with rp = 0.153.
van der Kooij et al. (2001) also used the dissipative particle dynamics method to constrain
the relative viscosity under two different shear rates of 3 × 10−5 [s−1] and 3 × 10−4 [s−1]
and up to a particle volume fraction of 25%. As shown in Fig. 6.7(c), the value of the
relative viscosity of these suspensions exhibits a significant shear rate dependence because
of particle orientation at ψ > 10%. Again, we retrieve both datasets accurately using Eq.
(6.9) and a constant value for the product, Ω−1 × [η]C = 3.55 (see Fig. 6.7(d)).
Consequently, the two independent results presented in Fig 6.7 confirm our hypothe-
sis for the invariance of the exponent in Eq. (6.4) with respect to the imposed shearing
condition for suspensions of rigid, bi-axially symmetric ellipsoids, and suggest that
Ω−1(τ, rp)× [η(τ, rp)]C = f(rp). (6.11)
In other words, these datasets suggest that Ω−1 × [η]C preserves its invariant nature
with respect to the imposed shear conditions for suspensions of solid particles that can be
approximated by spheroids, and changes only as function of the particles’ aspect ratio, f(rp).
In order to constrain f(rp), we need a comprehensive set of experiments (or numeri-
cal investigations) on suspensions of spheroids with a wide range of particle aspect ratio,
which is unfortunately not available at the present. As a result, we attempt to constrain
f(rp) based on available published datasets. We use the experimental data published by
Mueller et al. (2011, 2010) on intermediate (to concentrated) synthetic suspensions of non-
Brownian, non-spherical particles with aspect ratio 0.04 ≤ rp ≤ 22, and the theoretical
results of Jeffery (1922) for dilute suspensions of spheroids with rp → 1. Mueller et al.
(2011), in their experiments, characterized the rheological behavior of suspensions with the
structural Herschel-Bulkley model, where the suspension consistency, K and flow index n
were measured as function of the particle aspect ratio and volume fraction. From these pa-
rameters and the imposed shear rates, one can retrieve the value of relative viscosity of these
suspensions as function of the particle volume fraction and particle aspect ratio. Mueller
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Figure 6.8: Relative viscosity of suspensions of oblate and prolate particles. Each panel
shows the results of fitting our model, Eq. (6.4), to experimental data provided by Mueller
et al. (2011, 2010) to constrain the value of Ω−1 × [η]C as function of the particle aspect
ratio. Reported error bars in these experiments are smaller than the size of the symbols.
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et al. (2011) argued that, in their experiments, K can be used as a proxy for the viscos-
ity of suspensions, especially at dilute to intermediate particle concentration ψ/ψt < 0.7
where n→ 1, because the suspension were sheared at low to intermediate shear rates. Our
analysis of these experimental dataset is shown in Fig. 6.8. For each dataset, assuming the
suspension is sheared at low strain rate, the associated value of [η]D, ψpt or ψ
o
t are calculated
using Eq. (6.3), (6.6) and (6.7). Next, the intrinsic viscosity for concentrated suspensions,
[η]C , is approximated using a fitting procedure with Eq. (6.9), which allows us to determine
a unique value Ω−1(rp) × [η(rp)]C for each suspension. The same procedure is performed
on the theoretical data of Jeffery (1922) to calculate the best value for Ω−1(rp) × [η(rp)]C
where rp → 1. We note here that, to constrain the relative viscosity from Jeffery’s work,
one needs to calculate the time-averaged value of the relative viscosity over a complete
spheroid rotational period for identical particles with a given distribution of orientations.
This method, as described in detail by Mueller et al. (2010), almost retrieves the values
of the intrinsic viscosity provided by Brenner (1974) and also by Eq. (6.3) but only in the
limit of rp → 1.
An illustration of the relationship between Ω−1 × [η]C and the aspect ratio of particles
rp inferred from available datasets (Mueller et al. , 2011, 2010; Boek et al. , 1997; van der
Kooij et al. , 2001; Jeffery, 1922) is shown in Fig. 6.9. We observe that the dependence of
Ω−1(rp) × [η(rp)]C on the aspect ratio mimics closely that of the threshold packing limit,
see Fig. 6.2(c,d). Accordingly, we introduce the following approximants for suspensions of
prolate rp ≥ 1
f(rp) = (6.12)[




and oblate rp ≤ 1
f(rp) = (6.13)[




particles that provide a good fit for 0.03 < rp < 30 (i.e. from plate-like to rod-like particles).
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The shaded areas in Fig. 6.9 show a region where the theoretical data of Jeffery (1922) is
used. The work of Jeffery (1922) on dilute suspensions is not optimal in this case, because we
are considering concentrated suspensions. More experiments to cover this range is necessary
in the future to test and improve the accuracy of our correlation for f(rp) when rp → 1.
It is worth emphasizing that our model which consists of Eqs. (6.5), (6.12) and (6.13)
is predictive in the limit of low (near zero) shear rates, because the threshold packing limit
ψt (from Eqs. (6.6) and (6.7)) and the invariant product Ω
−1 × [η]C are both constrained.
Under these conditions, we test our closed-form model for sphere suspensions against the
experimental data published by Rodriguez et al. (1992) and Zarraga et al. (2000). We
find an excellent agreement between our closed-form model and these experimental datasets
(Fig. 6.10 (a)-(b)) which are independent (to avoid circularity) of those used to parameterize
our model.
As discussed earlier, each of the state variables vary significantly with the imposed shear
stress. For suspensions subjected to high shear rates (or stresses), the closure of our model
is contingent on constraining the effect of the applied shear stress on at least one of the
state variables. At high shear stresses, Eqs. (6.6) and (6.7) do not provide a valid estimate
of the threshold packing limit and by extension, the self-crowding factor Ω. However,
Ω−1(rp)× [η(rp)]C is invariant with respect to the shear stress and can be predicted using
Eqs. (6.12) and (6.13).
Alternatively, at any shearing condition, the invariant nature of Ω−1(rp)× [η(rp)]C with
respect to the imposed shear conditions can be used to estimate the state variables under
different experimental conditions. It is therefore possible to establish a link between the
state variables and microstructure rearrangement and evolution. For example, we apply
our model to the numerical results of Boek et al. (1997) conducted on suspensions of rigid,
randomly oriented oblate particles with rp = 0.2 sheared at a shear rate of 0.0003 [s
−1]
(Fig. 6.10 (c)) to estimate the unique values state variables and the threshold packing
limit, ψot . Fitting our model, Eqs. (6.4) and (6.13), to this dataset yields the unique values
ψot = 0.57 and [η]
C = 3.17 with Ω−1× [η]C = 4.20. One finds that the inferred value for the






































Figure 6.9: The behavior of Ω−1 × [η]C as function of the particle aspect ratio. The
solid lines show the approximants expressed in Eqs. (6.12) and (6.13). The circle symbols
show the data extrapolated from experiments(Mueller et al. , 2011, 2010) and numerical
simulations(Boek et al. , 1997; van der Kooij et al. , 2001), and squares show sample
results taken from the theoretical calculation of Jeffery (1922) for very dilute suspensions.
The shaded areas highlight regions where further experimental data is required to better
constrain Ω−1 × [η]C in concentrated suspensions containing particles with rp → 1.
threshold packing limit, thus, suggests that the random orientation of these oblate particles
was preserved during the deformation in these particular simulations.
In summary, the proposed model and the self-similar behavior for the relative viscosity
of suspensions of rigid spheroids as function of particle volume fraction can be applied
• to monomodal suspensions of randomly oriented spheroids sheared at low (near zero)
shear rates even at particle volume fraction approaching the threshold packing limit,
where both self-crowding factor and Ω−1 × [η]C are constrained and thus the model
is fully determined.
• when one of the state variables controlling the state of dispersion can be constrained
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independently for a specific setup and flow conditions. The relative viscosity of the
suspension can be then predicted owing to the fact that Ω−1 × [η]C is known and
depends only on the particle aspect ratio.
• when experiments or numerical simulations are conducted under a specific shear con-
dition, where the use of our model provides information to constrain the state of
dispersion of particles, i.e. the relation of ψt(τ) and [η(τ)]
C to microstructure evolu-
tion and rearrangement.
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Figure 6.10: Comparisons between our model (Eq. (6.4) complemented by Eqs. (6.6),
(6.7), (6.12) and (6.13)) and the experimental data of (a) Rodriguez et al. (1992), (b)
Zarraga et al. (2000) conducted on rigid sphere suspensions (no error bars are reported
for these two studies), and (c) the numerical simulation of Boek et al. (1997) on oblate
suspensions with error bars smaller than the size of the symbols.
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CHAPTER VII
APPLICATION I: RHEOLOGY OF CRYSTAL-BEARING
MAGMAS
7.1 Introduction
Magmas, a type of complex fluid, consist of up to three different phases, a viscous silicate
melt, solid crystals and exsolved gas bubbles. The shear viscosity of magmas controls the
rate of many processes in physical volcanology such as magma emplacement in the crust
(Petford, 2003), convection in magma reservoirs (Dufek et al. , 2013), mobilization of crystal
mushes (Pistone et al. , 2013), the rate of crystal and bubble separation from melts (Martin
& Nokes, 1988), magma ascent up to the surface (Gonnermann & Manga, 2007, 2013), lava
flows (Harris, 2013), and cyclic dome dynamics (Wylie et al. , 1999). To quantify magma
transport, and more carefully study volcanic processes, an accurate predictive model for
the rheology of multiphase magmas is required.
This chapter focuses on developing a description for the rheology of melts with crystals
only. The presence of an additional exsolved volatile phase and phase separation is ne-
glected. In fact, we use the knowledge build in previous chapters on synthetic suspensions
to address the following question,
• Is it possible to reduce experimental data for crystal-rich magmas into a coherent
self-consistent framework, i.e. find a hidden self-similar behavior within the scatter?
We apply the framework developed in the previous chapters to hypothesize that the two
state variables described earlier, namely the crowding factor Ω (or equivalently the thresh-
old packing ψt) and the intrinsic viscosity [η]
C , provide a sufficient basis to parameterize
the effect of the applied shear stress and the crystal shape and size distribution on the
development of microstructure and ultimately on the rheology of crystal-rich magmas.
Note: the content of this chapter has been submitted for publication as:
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S. A. Faroughi, W. Degruyter and C. Huber. The rheology of concentrated suspensions
of solid particles with analyses on crystal-rich magmas, Reviews of Geophysics.
7.2 Important characteristics of crystal-bearing suspensions
Crystal-bearing magmas include large particles for which Brownian motion can be neglected,
(Péclet number Pe 103). The Reynolds number for these systems is well below  10−3,
and thus the magma flow can be modeled using the creeping flow equations. For crystal-
bearing magmas, the rate of phase separation is also negligible for short timescale due to
the small relative density between phases and the high viscosity of the melt (Stokes number
St  1). For this reason, the theories developed in previous chapters and experiments
with analogue materials are applicable to describe the rheology of crystal-bearing magmas
(Mueller et al. , 2010; Cimarelli et al. , 2011; Del Gaudio, 2014; Moitra & Gonnermann,
2015).
A number of rheology experiments have been conducted using synthetic melts (Lejeune
& Richet, 1995; Caricchi et al. , 2007; Champallier et al. , 2008), as well as natural magmas
(Caricchi et al. , 2007; Ishibashi, 2009; Vona et al. , 2011) to cite a few. These experimental
results provide a mean to test the validity of the model developed from analogue experi-
ments, see Chapter 6. Mader et al. (2013) demonstrated that the similarity with analogue
materials works well for dilute (ψ ≤ 0.1) and intermediate (0.1 ≤ ψ ≤ 0.2) concentrations of
crystals. However, the scatter observed in concentrated suspensions has led to various ex-
planations. The following processes have been suggested: (i) non-Newtonian melt rheology,
(ii) shear induced heterogeneities and localization (see chapter 4), (iii) crystal breakage, and
(iv) microstructural rearrangement (Caricchi et al. , 2007; Lavallée et al. , 2008; Deubel-
beiss et al. , 2011; Pistone et al. , 2012; Mader et al. , 2013). Some of these concepts are
reviewed in this section, and the conditions when these processes are potentially important
are discussed.
7.2.1 Melt rheology
The interstitial liquid in magmas is a silicate melt with a complex temperature and composition-
dependent rheology (Hess & Dingwell, 1996; Giordano et al. , 2006; Neuville, 2006; Vetere
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et al. , 2006; Giordano et al. , 2008; Whittington et al. , 2009). For instance, silicate melt
are characterized by a strong increase in viscosity as the temperature and water content
decrease or as the SiO2 content increases. When the rate of deformation is much slower
than the Maxwell relaxation timescale, defined as the ratio of the melt viscosity and the
shear modulus of the melt µm/Gm, the melt behaves as a Newtonian fluid.
However, when the timescale of deformation approaches the Maxwell relaxation timescale
to within three orders of magnitude, a non-Newtonian behavior is observed (Webb & Ding-
well, 1990). At that point silicate melts display a shear thinning behavior. Recently, this
behavior has been attributed to viscous heating where mechanical work is dissipated into
heat and decreases the temperature-dependent viscosity of the melt (Hess et al. , 2008;
Cordonnier et al. , 2012b). When the deformation rate increases further to within two
orders of magnitude of the relaxation time, the melt transitions to a brittle-like behavior
and fracturing occurs (Webb & Dingwell, 1990; Dingwell, 1996).
The addition of crystals to the melt will affect both the onset of the viscous heating,
as well as the brittle behavior. When the distance between particles decreases and the
particle volume fraction approaches the maximum packing fraction, the fluid has to squeeze
in between particles causing viscous (shear) heating, which lubricates the flow, decreases the
temperature-dependent melt viscosity, and reduces the apparent viscosity of the suspension
at higher strain rates (Lavallée et al. , 2007; Mueller et al. , 2010). The same effect can
also bring the rate of deformation locally above the critical rate for brittle behavior leading
to fractures. Cordonnier et al. (2012a) have demonstrated that this critical rate decreases
linearly with increasing crystal volume fraction. The numerical study of Deubelbeiss et al.
(2011) suggest that viscous heating could only account for a small part of the observed shear
thinning found in laboratory experiments and that brittle (plastic) failure of the particles,
which we discuss below, is the dominant contributor. Note that in the previous chapters,
we implicitly assumed that the deformation rate at all times is significantly lower than the
Maxwell relaxation timescale.
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7.2.2 Crystal comminution and breakage
Crystal breakage has been reported in lava flows and domes and along margins of conduit
walls. This phenomenon has a critical impact on the rheology of magmas. A number of
magma deformation experiments have been able to reproduce crystal breakage in the lab
(van der Molen & Paterson, 1979; Lavallée et al. , 2007; Cordonnier et al. , 2009; Forien
et al. , 2011; Picard et al. , 2013). Various authors have suggested different processes to
explain crystal comminution:
1. Hertzian fractures that result from the contact across an elastic network of particles
(Forien et al. , 2011).
2. Abrasion by repeated crystal-crystal interaction due to their rotation and relative
motion (?). When the crystal volume fraction increases, contacts between crystals
increases and frictional forces come to play a more fundamental role. Increasing
shear rate (or shear stress) on the other hand push particles closer to each other, and
interlocking becomes more important, i.e crystal breakage is highly favored at high
crystal volume fractions (Passchier & Trouw, 2005; Pistone et al. , 2012).
3. Abrasion by melt stress transfer as the melt reaches the ductile-brittle transition and
develops fractures (Forien et al. , 2011; Cordonnier et al. , 2012a).
In magmatic suspensions, the prevailing confining pressure and temperature may also
contribute in enhancing or hindering crystal breakage. High confining pressure suppresses
the dilation that appears when frictional contact forces control rheology and leads to intense
stress localization and consequently large strain at contacts, especially when asperities are
present. Forien et al. (2011) showed that lowering the operating temperature leads to higher
possibility of crystal breakage for a suspension including haplogranitic melt with 54 vol %
alumina crystals. All comminution mechanisms result in a loosening of the interlocking of
crystals, and a contraction following by a reduction in the threshold packing limit. As noted,
the crystal breakage is often reported in experiments with dense suspensions and highly vis-
cous (silicic) interstitial melts (Lejeune & Richet, 1995; Caricchi et al. , 2007; Cordonnier
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et al. , 2009; Forien et al. , 2011; Picard et al. , 2013), where the relative viscosity-crystal
fraction curve admits a shape schematically represented in Fig. (7.1). Fig. (7.1) also pro-
vides an illustration of the role of possible crystal comminution on the relative viscosity of
concentrated magmatic suspensions. Starting from an ideal monomodal crystal size distri-
bution, as the crystal content approaches the threshold packing ψt, contact stresses between
adjacent crystals become important. Forien et al. (2011) demonstrated that crystals were
breaking during the sample preparation due to Hertzian fracturing. Additional breakage
can then come from abrasion during deformation. These processes significantly alter the
crystal size distribution from mono to polymodal. As a result, the threshold packing limit
shifts to a higher value, which is accompanied by a sudden drop in relative viscosity. If the
polymodal size distribution can be approximated by a bimodal distribution (two dominant
modes), then the crowding model in chapter 5 will provide the theoretical framework to
derive the post-comminution rheology trend (red curve in Fig. (7.1)). The prediction of the
shift in the relative viscosity resulting from a disruption of crystal size distribution is possi-
ble if one can constrain the size ratio of the dominant modes and their relative proportions
(respective fractions of the overall crystallinity). Because the polymodal suspension admits
a higher value for the packing threshold (ψbt > ψt), the suspension is no longer locked and
can deform even if one considers a higher crystal fraction (ψt < ψ < ψ
b
t ). Additional break-
age events can take place when the suspension crystalinity approaches ψbt which results in
another alteration of the crystal-size distribution and a lower effective viscosity for the sus-
pension. Considering curves like those shown in Fig. 7.1 in gray and pink, the slope-break
often reported during experiments conducted with silicic crystal-rich magmas can poten-
tially be attributed to an effective change in state variables related to successive breakage
events (see section 7.5 for detailed discussion on the slope-break), or to shear localization.
The experimental studies conducted by Pistone et al. (2012, 2013); Picard et al. (2013)
clearly show the occurrence of heterogeneous shear localization through the formation of
melt-rich shear bands in crystal-rich magmas. It is also shown that the size of crystals close
to the shear bands are smaller than those in the crystal-rich regions which suggests crystal
breakage as a possible cause for shear banding in magmatic suspensions. Shear localization
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Figure 7.1: Conceptual representation of the slope-break in the relative viscosity-volume
fraction curve based on crystal breakage. Left: if particles break, a change in modality oc-
curs and, as a result, the measurement of the relative viscosity for the equivalent suspension
follows a different (lower) curve. Right: the inset shows the shear stress as a function of
strain as commonly observed in experiments on magmas with high crystal concentrations
(van der Molen & Paterson, 1979; Picard et al. , 2013). Measurements of the maximum
stress (green squares) will result in the gray trend, while measurements of the stress at
steady state conditions (green circles) follows the red trend.
is accelerated if the systems contain a phase which is less resistant to shearing (e.g., the
existence of gas bubbles in the sample under deformation) (Pistone et al. , 2012).
7.3 Laboratory results for crystal-bearing magmas rheology
The data for dense magmatic suspensions cannot be captured by the effective medium
theory in a straightforward way (see Fig. 7.2). As the crystal concentration increases, the
datasets lose coherence, especially when the slope of the relative viscosity-crystal content
steepens. The rapid increase in slope is consistent with the presence of an inferred threshold
packing limit as found in experiments conducted with analogue materials (e.g. Mueller et al.
, 2010). However, experiments with high viscosity melt often show a break in slope observed
as the data roll-over to high crystal fractions beyond the inferred threshold packing limit
(Costa, 2005; Costa et al. , 2009).
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Figure 7.2: Experimental data compiled from several studis on crystal-bearing magmatic
suspensions showing the relative viscosity as a function of the crystal volume fraction.
Dense magmatic suspensions have historically been investigated using two methodolo-
gies: (i) partial melting of solidified rock (Arzi, 1978; van der Molen & Paterson, 1979;
Rushmer, 1995; Rutter & Neumann, 1995; Bagdassarov & Dorfman, 1998; Scott & Kohlst-
edt, 2006) and (ii) crystallization of liquid melt (Lejeune & Richet, 1995; Caricchi et al. ,
2007; Champallier et al. , 2008; Picard et al. , 2013). We are mostly concerned with the
latter in this study, but it is worth noting some concepts of the partial melting studies.
In these studies, one important goal is to find the rheologically critical melt percentage
(RCMP) at which the rheology transitions from solid-like behavior such as solid-state creep
(Scott & Kohlstedt, 2006), brittle deformation (fault formation; Rushmer (1995); Rutter
& Neumann (1995)), or cataclastic flow, i.e. pervasive crystal fracturing (van der Molen
& Paterson, 1979; Rushmer, 1995; Rutter & Neumann, 1995) to viscous deformation such
as that found for suspensions. This is essentially similar to the threshold packing limit
in rheological models. It is found that this transition does not occur at the same crystal
volume fraction during melting and crystallization (Vigneresse et al. , 1996). It is impor-
tant to note that these studies show that it is possible to have flow above the threshold
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packing limit and thus that in reality the relative viscosity does not diverge, but increases
in a roughly linear way with increasing crystal content. A predictive rheology model thus
needs to accommodate this effect (Costa, 2005; Costa et al. , 2009). To demonstrate the
usefulness of the state variables framework to gain insight into the underlying physics of the
deformation experiments, we apply it to the data sets of Lejeune & Richet (1995), Caricchi
et al. (2007), and Champallier et al. (2008). We chose these studies because they cover
the widest range of crystal fractions and shear rates, and observed the occurrence of shear
banding and/or crystal breakage. We first discuss their findings in more detail.
The study of Lejeune & Richet (1995) investigated the rheology of crystal-bearing sil-
icate melts using Mg3Al2Si3O12 and Li2Si2O5 subjected to a constant stress by uniaxial
compression. The material used is partially crystallized with crystals having spherical and
ellipsoidal shapes for the Mg3Al2Si3O12 and Li2Si2O5, respectively. The crystal volume
fractions investigated range from 0 to 0.68. The experiments are conducted at constant
shear stresses ranging from ∼ 1 and 700 bars leading to strain rates ranging from 10−6
s−1 and 10−3 s−1. For the Mg3Al2Si3O12 it was found that at crystal fractions < 0.4 the
suspension behaves as predicted by the Einstein-Roscoe relationship (Table 2.1). Near and
above a crystal fraction of 0.4 deformation is irregular and no effective viscosity could be
determined. Fractures develop and particles form clusters along a localized shear zone.
The effective viscosity at crystal volume fraction of 0.68 was reported for a single imposed
stress condition (670 bars), leaving a possible stress-dependence unexplored. Crystal growth
was observed during these experiment because, at such viscosity, the time scale for crys-
tal growth becomes comparable with the duration of the experiments. Experiments with
Li2Si2O5 were designed to study deformation with concurrent crystallization, as such, it
is questionable if one could interpret it with a steady-state or even quasi-static rheology
model. At low crystal content, the authors found a similar behavior to the experiments
with Mg3Al2Si3O12. At higher crystal fractions the viscosity becomes stress dependent and
shear thinning is observed.
Caricchi et al. (2007) performed torsion and compression experiments at constant strain
rates (between 5 × 10−6 s−1 and 8 × 10−4 s−1) at a confining pressure of 250 MPa and
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temperatures between 737 and 1137 K using a Paterson-type deformation apparatus. These
sets of experiments are conducted on haplogranitic melts with isometric quartz crystals as
the suspended phase. The crystal fraction was varied between 0.5 and 0.8 (and was used
in combination with data at low volume fraction from Thomas (1965)). Shear thinning
behavior is very clearly observed in these experiments. The shear thinning observed at
intermediate crystal content (before the break in slope) is most likely related to particle
rearrangement. At higher volume fraction, the textures indicate the formation of shear
bands and the average size of the grains in these shear bands is noted to be smaller than
outside (suggesting breakage). Above the threshold packing fraction, Caricchi et al. (2007)
suggest that dilation is required for the magma to flow. This would create pressure gradients
and generate crystal-melt segregation.
The experiments of Arbaret et al. (2007) and Champallier et al. (2008) and the more
recent studies of Picard et al. (2011, 2013) display a similar behavior as those of Caricchi
et al. (2007). These experiments are performed at confining pressure of 300 MPa and
temperatures between 748 and 1273 K. They also use a haplogranitic melt with isometric
corundum crystals in suspension. They investigate the effect of the crystal fraction (up to
a fraction of 0.76) on the shear viscosity of magmatic suspensions subjected to shear rates
ranging from 10−4 s−1 to 2 × 10−3 s−1. Shear thinning is observed and correlated with
microstructural changes (Arbaret et al. , 2007). Interestingly, no compaction or crystal
breakage are reported and the trends do not display a break in slope for the relative viscos-
ity as the crystallinity approaches the inferred threshold packing limit. Picard et al. (2011,
2013) used anisotropic crystals (plagioclase) and qualitatively confirmed that the thresh-
old packing fraction decreases with increasing aspect ratio. They report crystal breakage
coinciding with the rupture in slope of the relative viscosity-crystal fraction curve.
7.4 Magma rheology model
Dynamicists have applied both (constitutive) structural and rheological models to constrain
the effective viscosity of magmatic suspensions in plutonic and volcanic environments. At
low and intermediate particle content, where the effect of microstructural rearrangement
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and shear-induced localization are less pronounced, rheological models like those proposed
by Roscoe (1952); Maron & Shiu Ming (1955) and Krieger & Dougherty (1959) (see Table
2.1) are extensively used to parametrize the rheology of crystal-bearing magmas (Moitra &
Gonnermann, 2015).
Several other researchers, e.g., Mueller et al. (2010); Mader et al. (2013), referenced
their data with the structural Herschel-Bulkley model (Eq. (1.2)). The normalized con-
sistency can be described by a stiffening relationship like those listed in Table 2.1. Mader
et al. (2013) found the model of Maron & Pierce (1956) to best describe the normalized
consistency, whereby they parameterize the maximum packing limit as a function of the
shape of the particles, and excursions from Newtonian behavior were captured by the flow
index and the yield stress. For crystal contents significantly below the maximum packing
limit, the flow index remains close to unity and yield stress is absent. Significant changes
in flow index and yield stress are observed only when the crystallinity approaches the max-
imum packing limit (i.e., concentrated suspensions). Several empirical relationships have
been introduced to describe the flow index, consistency and the yield stress as a function
of the crystal shape and maximum packing fraction based on curve fitting (e.g. Gay et al.
, 1969; Mader et al. , 2013).
Costa (2005) and Costa et al. (2009) proposed an empirical rheological model to char-
acterize the rheology of concentrated crystal-bearing magmas and the common break in
relative viscosity-crystal content slope observed experimentally at high crystal content (see
Fig 7.2). In this model, the apparent viscosity does not diverge when the particle volume
fraction reaches and exceeds the maximum packing fraction. Instead, the rapid increase of
the apparent viscosity transitions into a shallow slope. This transition is introduced through




















In Eq. (7.1), δ, ξ and γ are additional fitting parameters. The increased number of
tuning parameters in Eq. (7.1) allows for a better fit to experimental datasets as well as
the scatter observed at high crystal content (see Fig. 7.2). However, it is not clear how
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Figure 7.3: Schematic representation of the relative viscosity of crystal-bearing magmas
as a function of the crystal volume fraction. Different symbols represent experimental data
obtained at different shear rates. The solid black lines show the monotonic behavior of the
relative viscosity as function of volume fraction for a suspension at different shear rates that
possess different sets of state variables. The filled red symbols depict a typical experimental
datasets for crystal-bearing magmas. For ψ < ψ0t , which we refer to as Region 1, the data
follows a single monotonic curve for a given shear stress. One can see a sharp change in
slope for the viscosity when the particle volume fraction exceeds ψ0t , which we call Region 2.
The red dashed line schematically represents a typical interpretation of experimental data,
e.g., using the model of Costa et al. (2009).
one could predict the value of these parameters to retrieve a predictive rheology model that
can be extrapolated beyond the existing experimental datasets. Additionally, the coupling
between the five tuning parameters makes it quite difficult to draw physical insights into
the processes that govern the deformation of magmatic suspensions.
The simple use of either structural or rheological models to fit experimental data provides
no guarantee to understand the underlying physics and therefore to build a predictive
approach for the effective viscosity of magmas. In the next sections, we first attempt to
interpret the origin of the slope-break occurring in concentrated crystal-bearing magmas
under deformation. We then attempt to analyze experimental data using the state variables
framework that was discussed in Chapter 6.
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7.5 State variables framework for magmatic suspensions
The state variables framework proposed in Chapter 6 can provide a solid ground to ex-
plore the underlying mechanisms causing the break in slope in the relative viscosity-crystal
content relationship of crystal-bearing magmas. A schematic representation of a typical
rheological response of crystal-bearing magmas with a highly viscous melt is illustrated in
Fig. 7.3, where each type of symbols report a set of viscosity measurements for suspensions
that possess identical states variables (Ω and [η]C). The solid black lines are best fits to each
set of data showing the monotonic behavior of the relative viscosity as function of crystal
volume fraction. The filled (red) symbols show a typical experimental dataset commonly
reported for crystal-bearing magmatic suspensions, and the dashed red line shows the best
fitting function (for example using the model of Costa et al. (2009)) for this sample data.
Figure 7.3 shows that any experimental results (filled symbols) can be divided into two sep-
arate regions. In the first region, called Region 1 (0 ≤ ψ ≤ ψ0t ), the datapoints are located
on a single trend (black curve) and thus posess a unique set of state variables (Ω and [η]C),
i.e., they share the same state of dispersion. In the second region, Region 2 (ψ > ψ0t ), the
data ( shown with different types of red symbols) lie outside of the trends formed in Region
1. As depicted, these data each belong to different trends (black curves), which implies that
their state of dispersion and consequently the values of the state variables are dissimilar to
the other data from this set. With a typical fitting (e.g., using Eq. (7.1)) of the entire set
with a single curve, one observes a break in slope at the boundary across these regions (see
the dashed red line in Fig. 7.3). The change in the slope of the relative viscosity-crystal
volume fraction curve shown in Fig. 7.3 has been described as an intrinsic behavior of
magmas in many studies (Lejeune & Richet, 1995; Caricchi et al. , 2007; Vona et al. , 2011;
Pistone et al. , 2012). It is also demonstrated that the packing limit at which the rupture
in slope occurs within experiments depend on the applied shear rate, as well as the crystal
shape and size distributions (Caricchi et al. , 2007).
The clear change in the state variables below and above the transition suggests that these
dataset should not be fitted with a single curve as they involve different states of dispersion.
One can argue that the relative viscosity of a suspension at the maximum packing should
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diverge, unless a drastic reconfiguration of the particle size distribution or shear-induced
heterogeneities take place. These two processes both result in a sudden change in the state
variables, which provides an microstructural explanation for the break in slope in µr(ψ)
near or at the threshold packing.
Practically, the effective viscosity of a suspension with a fixed modality increases along
a monotonic trend for volume fractions 0 ≤ ψ ≤ ψ0t until the particle volume fraction
approaches the threshold packing limit, and suspensions becomes rheological locked (e.g.,
see the circles in Fig. 7.3). Over this region, each experimental dataset is characterized
by a single state of dispersion, i.e. the state variables Ω, or alternatively ψt, and [η]
C are
uniquely defined by the shape and size distribution of particles as well as the imposed shear
rate (or stress).
At the threshold packing, ψ0t , if the imposed shear rate remains constant, there are only
two mechanisms that allow the suspension to flow; by modulating the state of dispersion
due to (i) the breakage of clusters of particles and particle itself, and (ii) heterogeneities.
Under the second mechanism, heterogeneities in particle distribution leads to the formation
of shear bands, and the deformation is mostly accommodated by shear localization. The
first mechanism is due to rearrangement and particle breakage (see Section 7.2.2), which,
in turn, affects the value of ψt (or Ω) and [η]
C . In response to either of these mechanisms,
the measured relative viscosity drops to the next monotonic trend (e.g. from circles to
square symbols in Fig. 7.3). The data now lies on a new curve defined by a different state
of dispersion possessing ψt > ψ
0
t . This process can repeat several times. Consequently,
we suggest that each measurement at high crystal content (ψ > ψ0t , within Region 2) is
characterized by a different state of dispersion with respect to the rest of data. We must note
that across the transition from Region 1 to Region 2, the state variables vary individually,
but the product Ω−1 × [η]C varies only if the shape of the particles changes because of
breakage for example.
Experimental studies only provide discrete data points for µr(ψ), and most likely miss
the Z-shaped curve (shown with solid blue lines in Fig. 7.3) at the boundary across Region
1 and Region 2. Note that this boundary moves to the right after each alteration of the
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state variables. It is important to note that we did not consider solid-state creep (Scott
& Kohlstedt, 2006) in our model, which for the time-scale and physical conditions under
which experiments for crystal-bearing magmas are conducted (upper crustal pressures) is
negligible.
In the light of our interpretation, we can now test whether the scatter can be accounted
for by the state variables framework we propose. As a proof of concept, we fit the exper-
imental data of Lejeune & Richet (1995); Caricchi et al. (2007) and Vona et al. (2011)
on the unique rheological curve derived from Eq. (3.49) under the assumption of identical
state variables within both regions (0 ≤ ψ ≤ ψ0t and ψ > ψ0t ), see Fig. 7.4. We observe
that only the data measured at Region 1 (ψ < ψ0t ) collapses to the unique rheology curve,
which supports that the state variables, Ω and [η]C , are different in the two regions. The
assumption of identical state variables over the whole range of crystal fraction for each of
these experiments leads to Ωψc > 1 when ψ > ψt, i.e. the effective volume fraction of
particles is greater than that of the total suspension. This is not physically possible and
reflects that we underestimate the packing threshold in Region 2. This is another clue for
the fact that crystal comminution or shear banding alter the value for ψt and [η]
C for all
measurements data beyond Region 1 (ψ > ψ0t ).
To constrain the state of dispersion for experimental data on magmas under any specific
flow conditions, an approach based on the state variables framework (Eq. (3.49) along with
Eqs. (6.12) and (6.13)) can be established. For example,
• Case 1: If the suspension modality and crystal aspect ratio are constrained and
increasing shear rates (or shear stress) results only in microstructure rearrangement
(no breakage and localization), the product of Ω−1(τ, rp) × [η(τ, rp)]C will be only a
function of the particles’ shape (Eqs. (6.12) and (6.13)).
• Case 2: If particle deformation occurs (e.g., shear induced elongation of a viscoelas-
tic particle) during a specific flow and shear condition, the product of Ω−1(τ, rp) ×
[η(τ, rp)]
C changes as particle shape is changing. The best fit then gives the state of
dispersion as well as a good estimation of particle deformation, i.e., comparing the
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inferred value for Ω−1(τ, rp)× [η(τ, rp)]C to Fig. ?? provides an estimate for rp.
• Case 3: If the best fit at any specific shear condition provides inexplicable values
for state variables, e.g., ψt > 0.74 for monomodal suspensions of rigid spheres, dis-
ruption like, shear localization, shear banding are expected to have accrued during
deformation.
In Fig. 7.5, we establish the respective state variables for the datasets of (Lejeune &
Richet, 1995; Caricchi et al. , 2007; Champallier et al. , 2008; Ishibashi, 2009; Vona et al.
, 2011) based on the assumption that state variables are different and that Ω−1 × [η]C
depends only on the crystal aspect ratio. To this end, we fit each individual experimental
data beyond Region 1 separately to the unique rheological curve, as we posit that a self-
similar behavior should be restored once Ω and [η]C are set correctly to account for changes
in microstructures rearrangement and evolution. This fitting procedure provides values for
the state parameters for each datasets (in both regions) as reported in Fig. 7.5. We find
that the state variables framework provides a solution to restore a self-similarity for the
relative viscosity of concentrated magmatic suspensions using Eq. (3.49) with values for
Ω−1 × [η]C that agree with the shapes of crystals used in the different experiments, and
that the onset of rupture in slope in µr(ψ) results from a sudden change in state variables.
The data provided by Champallier et al. (2008) where no crystal breakage is reported
is an interesting example where one could predict the occurrence of shear localization zones
from the state variables analyses. The experiments of Champallier et al. (2008) do not
follow an exemplar rheology of crystal-bearing magmas. By fitting these data to the unique
rhelogical curve, as shown in Fig. 7.5, we obtain that the threshold packing for the suspen-
sions in Region 1 and 2 is ψt = 0.72 and ψt = 0.77, respectively. In Region 1, a high inferred
value of ψt (i.e., 0.72 which is higher than the random close packing ψt = 0.63 for monomodal
spherical particles) to fit the data can be linked to possible shear localization that result in
better lubrication between crystals or crystal frameworks during deformation. Additionally,
the value of ψt = 0.77 reported for Region 2 cannot be achieved, because it is beyond the
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Region 1       Region 2
Figure 7.4: Comparison of Eq. (3.49) (bold black curve) with experimental data of crystal-
bearing magmas (symbols) assuming identcal state variables over the entire range of particle
volume fraction (i.e., same state varaibles in Region 1 and 2). Using this assumption, each
dataset at ψ < ψ0t coincides with the unique rheological curve leading to the respective
product of the state variables. For particle volume fractions higher than ψ0t (Region 2),
the relative volume fraction, Ωψc becomes greater than unity, which suggests either crystal
breakage or shear localization. Therefore, when ψ > ψ0t , the state of dispersion controlled
by [η]C and Ω changes from that of Region 1 and also from a data to another in Region 2.
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Figure 7.5: Same as in Fig. 7.4, but assuming different state variables for individual
data beyond Region 1. Now each dataset with different ψt and [η]
C can coincide with the
unique rheological curve. This unification suggests that all experimental data are actually
on a unified monotonic curve, but possess different state of dispersions. This also implies
that, knowing Ω−1 × [η]C is constant in Region 1 and Region 2, an estimate of either the
threshold packing limit or the intrinsic viscosity are the only requirements to develop a
predictive rheology model.
maximum packing limit for a monomodal suspension with spheres, ψFC = 0.7405. There-
fore, as no particle breakage is reported, it again indicates the presence of an anomaly. In
this case, the anomaly was reported to be the presence of bubbles that facilitated the rate
of deformation by localizing the shear.
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CHAPTER VIII
APPLICATION II: HINDRANCE MODEL FOR
SEDIMENTATION OF SPHERICAL PARTICLES
8.1 Introduction
The rate of particle settling and bubble rising in complex fluids has a wide range of ap-
plications in industry (e.g. pharmaceutical and fluidized bed reactors) and also in natural
systems (e.g. sedimentation, emplacement and crystallization of magma, and bubble migra-
tion in vesiculating magmas). Understanding the force balance that governs the migration
of particles (here bubbles, droplets and solid particles) suspended in a fluid and the effective
viscosity are fundamental to quantify suspensions transport, sedimentation processes and
the rate of phase segregation.
Although the relative velocity of a single crystal or bubble settling or rising in a qui-
escent fluid is well-characterized, the interplay of crystals/bubbles in multiparticle system,
and the hindered velocity of a cloud of particles remains a challenging and important prob-
lem in many fields. In a complex fluid, particle motion undergoes fluctuations induced by
hydrodynamic disturbances arising from neighboring particles. These hydrodynamic inter-
actions eventually hinders the velocity of particles comparing to their individual motion
in an infinite fluid. Based on the Smoluchowski’s paradox (Sonshine et al. , 1966), two or
more particles move faster than a single one in an unbounded fluid. However, the return
flow induced by container walls and horizontal neighbors, satisfying the condition of no net
overall flux of fluids across any horizontal plane, suppresses this paradox. Therefore, in a
bounded system, an increase in drag force acting on particles is expected. The hindrance
effects have been, to some extent, quantified and introduced through different models (Hap-
pel, 1958; Hasimoto, 1959; Oliver, 1961; Famularo & Happel, 1965; Wallis, 1969; Gal-Or,
1970; Barnea & Mizrahi, 1973; Schwarz, 1996; Koo, 2009; Blazejewski, 2012). In spite of a
125
large-body literature, a unified correlation on the relative hindered velocity applicable for
both emulsions and suspensions of non-deformable particles over a wide range of particle
concentration is still missing.
This chapter based on the rheology model developed in the previous chapters, aims
at developing a theoretical model for the hindered velocity of particles in non-Brownian
complex fluids with non-deformable fluid and solid particles in the creeping flow regime
(low Reynolds numbers). To this end, we use the following assumptions”
• narrow size distribution of fluid particle inside the complex fluids (monomodal sus-
pensions/emulsions),
• random initial distribution of particles,
• continuous and suspended phase are incompressible and immiscible,
• hydrodynamic interactions are the only reciprocal action accrued between particles
and other interactions like kissing, tumbling and coalescence are neglected,
• fluid particles remains mostly spherical, i.e. Ca < 1.
Therefore, to predict the hindered velocity of a spherical particle inside a cloud of other
particles, the model for a single particle velocity in an infinite complex fluids needs to be
corrected for:
• the change in the effective viscosity (see previous chapters) and density of the bulk
fluid,
• the effect of walls causing return flow,
• the short-range hydrodynamic interactions between particle mediated by the ambient
fluid.
Note: the content of this chapter is published as:
Faroughi, S. A., & Huber, C. (2015). Unifying the relative hindered velocity in sus-
pensions and emulsions of nondeformable particles. Geophysical Research Letters, 42(1),
53-59.
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Figure 8.1: Conceptual model to predict the correction on drag coefficient caused by hor-
izontal interactions; a streamtube containing a particle (can be either solid or fluid) with
symmetry boundary condition.
8.2 Theory of suspensions settling
Stokes was the first to obtain a theoretical expression for the drag force, D, acting on a
single spherical particle moving relative to a quiescent fluid at velocity Ut (Clift et al. ,
2005),
D = 6πµmUtRp. (8.1)
This expression was later modified by Hadamard and Rybczynski (Clift et al. , 2005;








Here, Ut is the relative terminal velocity for a single particle, Rp denotes the radius of
the particle and λ is the viscosity ratio defined as a ratio of the viscosity of the dispersed
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phase (µp) to that of the continuous fluid (µm) which for a solid particle λ→∞.
The effect of a cloud of particles on their buoyant migration through a viscous fluid is
not only a function of ψ (particle volume fraction), but also of the ratio h/Γ (where h and Γ
are characteristic lengths pertaining to the particle spacing and container size, respectively),
especially in dilute systems where ψ < 0.001 (Sonshine et al. , 1966). In many industrial
application, h/Γ 1 and ψ > 0.001, thus we assume that the relative hindered velocity is
only a function of ψ. This allows us to propose the following equation for the overall drag
force acting on the surface of a particle inside a swarm of particles, so-called D(ψ),
D(ψ)
D




Uψ represents the averaged relative velocity (hindered velocity) between particles and fluid,
f cd and fµm are respectively the local corrections on the drag coefficient and the viscosity
of the continuous phase due to the presence of other particles in the complex fluids. The
unknown correction function on the drag coefficient, f cd , is assumed to be composed of two
parts. The first part, f cdN , accounts for the change in drag coefficient due to the existence
of neighboring particles and walls (return flow effect) in the plane normal to gravity (plane
(r, φ) of the cylindrical coordinate system shown in Fig. 8.1) . The second part, f cdI ,
accounts for shielding effects arising from the interaction of moving leading and trailing
particles (Smoluchowski’s effect) aligned with gravity (in the direction of z shown in Fig.
8.1). Other non-local interactions are conceptually modeled using the change in the effective
viscosity because of the presence of other particles via fµm that has been defined by Eq.
(3.49) in chapter 3.
The ratio of the drag forces in Eq (8.3) can be calculated using the fact that in the steady








As the volume fraction of the particles changes in the complex fluid, the effective hydro-
static pressure (the stress jump because of the difference in densities) changes. This effect
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can by captured by the following definition for the complex fluid density, ρψ, and using it
as a replaced density for the ambient fluid density, ρm:
ρψ = ρpψ + ρm(1− ψ)






= 1− ψ, (8.6)
where ρp is the density of particles. This argument is valid as long as buoyancy and drag are
the dominant forces acting on particles. Substituting Eqs. (8.6) and (8.4) into Eq. (8.3),
overall, one can find the following expression for the relative hindered velocity,
Uψ
Ut







where F (ψ, λ) denotes the global hindrance function which is determined term by term in
the following sections.
It should be noted that published theoretical and empirical relations and also experimen-
tal data documented in the literature, in order to determine the global correction function,
mostly utilized different definitions and notations for the relative velocity between phases.
These velocities are different to each other by a factor of ψ or 1−ψ, in general. In Table 8.1
a list of these velocities and definitions is provided. For validation purposes, all published
data and correlation are transformed into a consistent basis using Table 8.1.
8.3 Derivation of horizontal drag correction
The horizontal drag correction accounts for the hindrance associated with the return flow
of ambient fluid in a bounded system. To quantify this correction, we consider a cluster
of fluid particles that are positioned horizontally in the plane normal to gravity (particles
are located in the plane (r, φ) as shown in Fig. 8.1). As the central distance between two
particles in this cluster, 2R in Fig. 8.1, becomes smaller, the intensity of this correction is
bigger and the velocity of particles is reduced.
Inspired by the model proposed in Oliver (1961), we shall consider a single incompressible






























































































































































































































































































































































































































































































































































incompressible ambient fluid (or the particle is stationary and the ambient fluid is moving
at −Ut). Based on the Hadamard-Rybczynski solution (see Clift et al. (2005)) obtained for
a non-deformable spherical fluid particle in Stokes flow regime, we can write the following
expression for the Stokes’s stream function (and assuming an arbitrary streamtube bounding























Here, Rp is the radius of the particle, and r is the radial coordinate system with the
origin located at the center of the particle. To account for the presence of nearby particles
in the plane normal to the gravity force (return flow effect), we consider a particle bounded
by an arbitrary streamtube of radius R > Rp, as depicted in Fig. 8.1. The flow rate
through this streamtube in the far field (far away from the particles causing perturbations
in the flow) is Qf = πR
2Ut. We can also calculate the flow rate of the ambient fluid over
a horizontal surface (θ = π/2) crossing the center of the particle from streamlines (Ψm(r))























Because both phases are incompressible, the flow rate through any cross section of
the streamtube should be equal. Thus, the difference of flow rate (Qf − Qs) should be
transported out of the streamtube. In the idealized geometry where other neighboring
particles coexist in the same plane normal to gravity at a distance 2R, streamlines cannot
bend outward because of symmetry (see Fig. 8.1). Hence, the actual flow rate in the
streamtube is modified by an increase in the drag force acting on the particle. The added



















Note, R is the radius of the streamtube which is equal to the halfway central distance
between two particles on a horizontal surface as shown in Fig. 8.1. Using the volume
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fraction definition for a homogeneous distribution of particles, we find the mean separation
distance R proportional to ψ
1
3 Oliver (1961). This assertion is only valid for a homogeneous
particle distribution in dilute complex fluids. Under dense packing conditions, a maximum











where β is a geometrical proportionality constant, which is related to the shape of the
streamtube in the real flow field. It will be shown later that β = 0.45 is the best value to
fit the experimental data for random structure and that it does not depend on the viscosity
ratio.
Finally, the horizontal local correction on drag caused by a cluster of particles located
in the plane normal to gravity can be defined as the ratio of the terminal velocity of a single
particle to that if the particle is hindered by being in the cluster, f cdN (ψ, λ) = Ut/(Ut−Uc),
which yields





















The magnitude of the correction provided by Eq. (8.12) is different when dealing with
suspensions and emulsions because of the difference in boundary conditions on the surface
of particles. For solid particles, no slip boundary condition results in less volumetric flux
for return flow than for slip boundary condition on the surface of fluid particles as depicted
in Fig. 8.1.
8.4 Derivation of vertical drag correction
In a complex fluids where horizontal clusters of particles are aligned along in the vertical
direction, z, shown in Fig. 8.1, a reduction in drag even at low Reynolds number is expected
owing to the fact that particles aligned with gravity experience significant acceleration due
to viscous forces (Smoluchowski effect). Because the motion of particles is assumed to be
in the creeping regime, this drag reduction, caused by short-range viscous effects, depends
on the vertical distance between particles h (the central distance between the trailing and
132


















γ(λ→ ∞) → 1
γ(λ→ 0) → 0.5
Average Error
Average Error
Three Fluid Particles (EXP-This study)
Three Solid Particles (EXP-This study)
Fit to EXP Data → 1 − γ(h/2Rp)
−1
Fit to EXP Data → 1 − γ(h/2Rp)
−1
Two Bubbles (Theory-Wacholder et al.(1972))
Two Solid Particles (Theory-Sonshine et al. (1966))
Three Solid Particles (Theory-Sonshine et al. (1966))
Figure 8.2: Theoretical and experimental data on drag coefficient reduction for two and
three in-line descending particles which are aligned with gravity. See Table 8.3 for tabulated
experimental data.
the leading particles). Sonshine et al. (1966) and Sonshine & Brenner (1966) showed that
the intensity of these interactions increases when the number of particles in-line (number
of horizontal clusters) increases or the vertical particle spacing h decreases.
In the creeping flow regime, based on Smoluchowski effect, leading and trailing particles
aligned with gravity are interacting through a short-range viscous effects which depend on
the vertical distance between particles h. This interaction decreases the drag coefficient on
both leading and trailing particles. The results of Sonshine et al. (1966) highlight that the
drag coefficient reduction follows approximately a function proportionally to (h/2Rp)
−1.
Some of these analytical results are depicted in Fig. 8.2.
We performed a series of experiments (Re ∼ 10−2) with three equally-spaced particles
moving parallel to their line-of-center, for both solid particles, using glass beads in 10000
CST (9.73 Pa s) silicone oil and fluid particles, using water in 10000 CST silicone oil, see
Table 8.2 for more information about the properties of materials (and see Table8.3 for tab-
ulated experimental data). These experiments are conducted in a large cylinder with radius
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≈ 40Rp and height ≈ 370Rp. Results for the normalized drag force acting on the middle
particle are depicted in Fig. 8.2. These empirical results confirm experimentally that the
drag coefficient decreases proportional to (h/2Rp)
−1 for both solid and fluid particles. As-
suming that the function f cdI (ψ, λ) can be decomposed as Γ(r, θ, ψ)Ψ(z, ψ), where Γ(r, θ, ψ)
is a measure of the areal density of particle perpendicular to the direction of gravity, we
argue that Ψ(z, ψ) ∝ 2Rp/h ∝ ψ/ψm. Therefore, we can simply consider the following
relationship based on the volume fraction to approximate the local viscous interactions,




Here, β∗ in a geometrical constant and we assume that the function γ is related to the







α and ε are constants, however they can be function of the surface tension gradients
if they exist. As the gradient of the surface tension increases, the rigidity of the surface
increases, and consequently the shear force in the ambient fluid is balanced by the gradient
in surface tension. In an extreme case, capillary forces suppress interface and internal
circulations, and causes a fluid particle to behave like a solid particle. In the absence of
surface tension gradients, we calculate the upper (λ→∞) and lower (λ→ 0) bounds of the
function γ using the results of the in-line experiments shown in Fig. 8.2. These constraints
allow us to obtain α and ε as 0.5 and −0.5, respectively.
8.5 Derivation for non-local interactions
As discussed in detail in Chapter 3, the existence of a cloud of particles inside a medium
affects the mechanism by which momentum is diffused among particles through the ambient
fluid or between a particle and the ambient fluid (considering the non-local interactions via
the change in shear viscosity of the incompressible ambient fluid). This effect was studied
in chapter 3 where we developed a generalized equation to determine the effective viscosity
















Mertes et al. (1955)
Wilson (1953)
Hanratty et al. (1957)
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Mertes et al. (1955)
Wilson (1953)
Steinour et al.(1944)
Lewis et al. (1949)
Loeffler et al. (1959)
Oliver (1961)
Oliver (1961)
Richardson et al. (1954) (Model)
Revay et al. (1992) (Simu)
Hoef et al. (2005) (Simu)
Figure 8.3: Comparison of the relative velocity predicted by the proposed model defined
by Eq. (8.16) with a) published experimental data (Symbols) and three well-known models,
for rigid solid particle suspensions (λ → ∞); b) published experimental data in highly
concentrated solid suspensions (λ→∞) and c) experiments on concentrated emulsions.
deformable, as assumed to be the case here, the generalized rheological equation reduces to















To account for the change in viscosity ratio due to the presence of other particles, we
correct the viscosity ratio to λψ = λ/f
µm .
8.6 Hindrance model
We obtain the final expression for the hindered velocity of a particle in complex fluids by
substituting Eqs. (8.15), (8.13) and (8.12) into Eq. (8.7), which yields
Uψ
Ut







































Based on our assumptions, Eq. (8.16) is theoretically valid for systems of monomodal
spherical particles. However, in nature, suspensions and emulsions generally involve poly-
disperse distributions of non-spherical particles. Therefore, the relative velocity of complex
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Here, the green water droplets are 
descending in the ambient silicone oil. 
Figure 8.4: Experimental setup designed to measure the total hindrance function on the
relative velocity for emulsions in the dilute regime. In experiments, the fluid flow is in the
creeping regime and the method of continuous sedimentation is used to measure the relative
velocity.
and more realistic systems depends not only on the volume fraction of the dispersed phase,
but also on the particle shape, size ratio and size distribution. A first order correction on
the hindered velocity model for polydisperse spheroids will be discussed in the next chapter.
To examine Eq. (8.16) a comprehensive experimental data for both suspensions and
emulsions is required. In the literature, an extensive body of work has been devoted to solid
particle sedimentation. However, only a few experiments have been reported for emulsions.
Due to the lack of extensive data for emulsions in the creeping flow regime, we conducted
a set of measurements for the relative hindered velocity in dilute emulsions (up to 10%
particle volume fraction) that are presented in the next section.
8.7 Experiment setup
We used the method of continuous sedimentation Mertes & Rhodes (1955) by dropping
the dispersed phase (dyed water in green) through a quiescent fluid (silicone oil) using
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an injection system controlled by solenoid valves and adjusted in different arrangement to
reduce local heterogeneities in dispersed phase concentration. The designed experimental
setup is shown in Fig. 8.4 and the physical properties of the materials used are reported
in Table 8.2. Photographs were taken during the experiment; one such photograph is
shown in Fig. 8.4. During all experiments, the temperature was kept at T = 20 ± 1 ◦C
to avoid substantial changes in physical properties of materials. Note that in each set of
experiments, we normalized the averaged relative velocity between interacting particles and
the continuous fluid, Uψ, using the terminal settling velocity, Ut, for a single fluid particles
of the same averaged size measured separately. Please refer to Tables 8.4 and 8.5 for the
tabulated experimental data.
8.8 Results
We use published experimental data in the creeping flow regime (see e.g.Barnea & Mizrahi
(1973, 1975); Oliver (1961)) to test the ability of our model to predict the hindered veloc-
ity in different multiparticle systems. The comparison for dilute to intermediate particle
concentration in suspensions (λ→∞) is depicted in Fig. 8.3(a), which shows a very good
agreement between the model (using β = 0.45) and experimental data. In Figs. 8.3(b-
c), we tested the model for two concentrated systems. Figure 8.3(b) shows a comparison
between the values predicted by Eq. (8.16) and experimental data published in (Mertes
& Rhodes, 1955; Wilson, 1953; Hanratty & Bandukwala, 1957) for a high range of solid
particle concentration (up to 60%), and Fig. 8.3(c) shows the same comparison but with
experiments involving dense emulsions. Note that the experimental data in Fig. 8.3(c) are
provided in Barnea & Mizrahi (1975) for emulsions with λ = 0.79 and λ = 0.92, and we
used an averaged value, λ = 0.85, in the model. In both comparisons, it is assumed that
β = 0.45 which again highlights that β is a geometrical proportionality constant that does
not depend on the boundary condition between the ambient and dispersed fluid phases.
Based on these results, we see that the proposed model (Eq. (8.16)) predicts the relative
velocity of particles in concentrated complex fluids very well.




































































































































































































































































































































Figure 8.5: Comparison of values of the global hindrance factor predicted by Eq. (8.16)
with new experimental data for dilute emulsions and suspension (see Tables 8.4 and 8.5 for
tabulated experimental data).
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and the prediction of Eq. (8.16) are compared in Figs. 8.5(a-c). We also performed an
experiment for a dilute solid suspension shown in Fig. 8.5(d). The errorbars in Fig. 8.5
account for the dispersion around the average value of the measured experimental relative
velocities. We observe that the model successfully reproduces the hindered velocity reduc-
tion of 35 to 50% depending on the viscosity ratio, over the dilute range of particle volume
fraction (ψ ≤ 10%).
8.9 Application to crystal settling in magma chambers
We apply our theoretical model to study crystal settling in magma chambers following the
model developed by Martin & Nokes (1988). We modified their model by replacing Stokes
law with our hindered settling velocity to account for the particle volume fraction. Martin
& Nokes (1989) proposed an exponential law to describe the decay of number of particles
suspended in a convecting magma over time. The decay law was derived assuming that
particles do not interact with each other and hinder settling. They found a good agreement
between experiments, conducted at ψ ≤ 0.003, and their exponential decay model, however
it was found that the decay constant generally overestimated the settling efficiency even
at these low volume fractions (their normalized decay constant is greater than predicted).














F (ψ, λ) (8.17)
where L is the depth of the chamber and F (ψ, λ) is calculated using Eq. (8.16). We solve
Eq. (8.17) numerically with a Runge Kutta (4th order) solver for solid particle suspensions
(λ → ∞) starting with different initial volume fraction of particles. The volume fraction
of particles that remain in suspension over time is plotted in Fig. 8.6(a). As expected, our
results are in good agreement with those of Martin & Nokes (1989) at very low volume
fraction of particles. However, as the initial concentration of crystals increases, the decay
departs from exponential and becomes significantly slower than their predictions. Hindered
settling increases the residence time of crystals in a convecting magma, the time for the
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Martin and Nokes (1988)
This Study ψ0 = 0.0001
This Study ψ0 = 0.003
This Study ψ0 = 0.1
This Study ψ0 = 0.2




































Solid L: ψ = 0.003




Figure 8.6: (a) Comparison of our model stated in Eq. (8.17) with the model of Martin &
Nokes (1989) to predict the normalized volume fraction of crystals decaying with time in a
system where we assume Ut/L = 5.5 × 10−4; (b) residence time of minerals in a kilometre
thick magma chamber as function of melt kinematic viscosity Following Martin & Nokes
(1988) we assumed ∆ρ = 50 kg.m−3, ρp = 2700 kg.m−3 and Rp = 0.05 cm for plagioclase
crystals and ∆ρ = 600 kg.m−3, ρp = 3300 kg.m−3 and Rp = 0.15 cm for olivine crystals.
particle volume fraction to decrease by half, by up to a factor of 5 compared to Stokes
settling law (see Fig. 8.6(a)).
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Table 8.3: Experimental data presented in Fig 8.2. Each test was run three times to the
best that was possible to adjust the initial distance between particles.
Data	presented	in	Figure	8.2
FIGURE	8.2	(three	fluid	particles)
Viscosity	ratio	(--) suspended	phase	 continues	phase mean	particle	radius Raynolds	number	(--)
















Viscosity	ratio	(--) suspended	phase	 continues	phase mean	particle	radius Raynolds	number	(--)
















Table 8.4: Experimental data presented in Fig 8.5 (a) and (b). Each test was run three
times, and, in each individual trial, the experiment was run for an hour to assure that the
system reached to a dynamic equilibrium and that the results are reproducible.
Data	presented	in	Figure	5
FIGURE	8.5	(a)
Viscosity	ratio	(--) suspended	phase	 continues	phase mean	particle	radius Raynolds	number	(--)




















Viscosity	ratio	(--) suspended	phase	 continues	phase mean	particle	radius Raynolds	number	(--)





















Table 8.5: Experimental data presented in Fig 8.5 (c) and (d). Each test was run three
times, and, in each individual trial, the experiment was run for an hour to assure that the
system reached to a dynamic equilibrium and that the results are reproducible.
FIGURE	8.5	(c)
Viscosity	ratio	(--) suspended	phase	 continues	phase mean	particle	radius Raynolds	number	(--)

















Viscosity	ratio	(--) suspended	phase	 continues	phase mean	particle	radius Raynolds	number	(--)















APPLICATION III: SEDIMENTATION OF
NON-SPHERICAL PARTICLES - A HYDRODYNAMIC
MODIFICATION ON HYDROMETER TEST
9.1 Introduction
Soils are commonly classified according to their particle size distribution. There is a direct
relationship between the particle size distribution and other soil properties, such as the shear
induced volume change, porosity, permeability and conductivity, consolidation and even
nutrient retention. The most economical and reliable approaches to analyze the soil texture
are sieving, for coarse-grained soils and the hydrometer and pipette tests for fine-grained
soils. Sieving and hydrometer analyses are described in the standards of the American
Society for Testing and Materials D6913-04 (2003) and D422-63 (2007) in details. Classical
methods, aside from accuracy, are slow, operator- and instrument-dependent. However
practically, sieve and hydrometer analyses (Bouyoucos, 1962; Day, 1965), are routinely
applied to study the size distribution (nominal diameters) of coarse- and fine-grained soils,
respectively.
The settling velocity for soil particles in the hydrometer test is based on Stokes law. As
discussed in chapter 8, Stokes settling velocity results from the following assumptions; (i)
the fluid flow around the particle is in the creeping flow regime (Reynolds number is much
smaller than unity), (ii) particles are rigid and spherical, and finally (iii) the hydrodynamic
interactions among particles in the suspension are neglected. The first assumption provides
a constraint on the hydrometer test and its validity to particles with radius ranging from
0.1 µm ≤ r ≤ 100 µm (Lu et al. , 2000). However, this range of particle sizes can be
increased by changing the shear dynamic viscosity of the suspending fluid. The lower
bound, however, is a fixed limit because particles smaller than 0.1µm are colloids and
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their behavior (Brownian motion) is not predictable with Stokes settling law. Therefore,
practically speaking, this assumption does not invalidate the hydrometer test.
Soils particles are rarely spherical; they have irregular shapes ranging from platelet (e.g.
kaolinite) to tubular (e.g. halloysite) and also display asperities and surface roughness.
These particles experience complicated motions such as rotation and horizontal translation
during sedimentation, unlike spherical particles. Therefore, the second assumption generally
implies that Stokes’ law does not lead to a true evaluation of the particle size distribution
of soils. This problem has been addressed by many studies experimentally (Wen et al.
, 2002; Konert & Vandenberghe, 1997; Nettleship et al. , 1997; Vitton & Sadler, 1997;
Parslow & Jennings, 1986; Kunkel, 1948) and theoretically (Lu et al. , 2000), which has led
to modifications to the treatment of the hydrometer test. In these modifications, the soil
particles are approximated with randomly oriented spheroids with a specified aspect ratio
rp = b/a, where b is the polar radius and a is the equatorial radius, and the mean drag
coefficient and settling velocity as function of the aspect ratio are calculated for a single
particle (Lu et al. , 2000).
The effect of the third assumption, hydrodynamic interactions among the soil particles,
is not accounted for in all previous studies. Therefore, the particle size distribution obtained
through the conventional hydrometer test, for both spherical and non-spherical particles,
has uncertainties that need to be addressed. This chapter investigates the hydrodynamic
modification of the hydrometer test based on the hindrance model on the migration of
particles when Brownian motion and inertial effects are neglected (high Péclet numbers
and low Reynolds numbers). It is shown that hindrance resulting from hydrodynamic
interactions greatly affects the residence time of particles in suspensions, and consequently
the diameters of particles predicted by the hydrometer test.
Note: the content of this chapter is published as:
Faroughi, S. A., & Huber, C. (2016). A theoretical hydrodynamic modification on the
soil texture analyses obtained from the hydrometer test. Gotechnique, 66(5), pp. 378-385.
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9.2 Settling of non-spherical particles with in suspensions
In chapter 8, it is shown that the effect of hydrodynamic interactions on the terminal settling
velocity of a particle within a suspension starts to be pronounced when ψ > 0.001, where ψ





where Ws and Wf are the weight of the soil sample and the suspending fluid used in the
hydrometer test, respectively, and Gs denotes the specific gravity of the soil particles. Based
on ASTM D422-63 (2007), the value of ψ is roughly ranging from two to six percent. There-
fore, hydrodynamic interactions among soil grains are important, and must be incorporated
in the hydrometer test interpretation.
To characterize the hydrodynamic interactions in the soil sample inside the hydrometer,
it is assumed that the suspension includes a homogeneous distribution of rigid particles
that are settling through an incompressible fluid (e.g. water). Stokes’ law provides the
terminal velocity of a single particle in an infinite matrix, while in a bounded suspension,
wall friction and return flow of the ambient fluid reduce the relative settling velocity. The
hindrance velocity model for monomodal spherical droplet/particles settling in a complex




























In Fig. 9.2, showing a very good agreement between Eq. (9.2) and experimental data on
suspensions of spherical particles, one clearly observes that the velocity of particles might
be hindered upto 40% in the range of particle volume fraction where the hydrometer test
is operated (this range is shaded in Fig. 9.2). This reduction in velocity is even higher for
non-spherical particles.
Suspensions of non-spherical particles may exhibit a non-Newtonian behavior even at
small fraction of particles. We studied the effect of the particle shape on the rheology
147
Figure 9.1: A schematic representation of the poly-disperse nature of soil sample in the
hydrometer test and the hindrance effect due to return flow. For each quasi mono-disperse
layer, the effective volume fraction ψe and hindered velocity Uψe are calculated to obtain a
correction on the particle diameter Da.
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of suspensions in chapter 6, and provided approximations for [η] and ψt for non-spherical
particle ranging from plate-like to rod-like shapes (see Eqs. (6.3), (6.6) and (6.7)). Here,
oblate spheroids are used as a proxy for plate-like soil particles. For oblate spheroids with
aspect ratio ranging 0.01 ≤ Rp < 1, the value of intrinsic viscosity and maximum close
packing were approximated with (see chapter 6)
[η] = 2.5Rp +








5.08 + 193.38Rp − 124.94R1.5p + 57.77R2p + 34.20R3p
]
. (9.4)









that is related to the flow field around particles in the suspension (see chapter 8). This
proportionality constant also requires a modification when dealing with non-spherical par-
ticles. In Eq. (9.5), L is a characteristic length of the medium, i.e. the mean diameter of
a streamtube that encloses a particle in the suspension with particle volume fraction ψ. In
chapter 8 we showed experimentally that β admits a value of 0.45 for spherical particles.
The value of β changes as the particle shape departs from a sphere, i.e. we assume that
β = f(rp, a, ψt) where a is the equatorial radius of the oblate spheroids. Based upon the
proportionality between the packing configurations of spheres and oblate spheroids with
equal volumes and using Eq. (9.5), we find











where βsphere = 0.45. Equation (9.6) predicts that platy particles are characterized with
higher β values, e.g. for oblate spheroids with aspect ratios 0.01 < Rp < 0.1, the value of β
varies between 0.895 and 1.3.
Note that the hindrance model, Eq. (9.2), is obtained for spherical particles where
the attitude of falling does not affect the final velocity because of the symmetry. This
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Figure 9.2: Comparison of the hindrance function with published experimental data con-
ducted by Mertes et al. (1955) and Oliver (1961) on suspension of synthetic rigid spherical
particles. For this calculation, we use ψt = 0.633, [η] = 2.5 and β = 0.45 to obtain the
hindrance function proposed in Eq. (9.2). The shaded area highlights the typical volume
fraction of solid particles at which the hydrometer test is performed.
model is then corrected for non-spherical particles (platelets) using the calculated values for
the proportionality constant, the intrinsic viscosity and random close packing of randomly
oriented spheroid particles, i.e. values are isotropically averaged over different attitudes.
Therefore, the hindrance model, Eq. (9.2), can be applied to random configuration of
spheroids, which may be a good approximation during the early stages of sedimentation of
platelets.
9.3 Effect of Polydispersity on hydrodynamic correction
In the hydrometer test illustrated schematically in Fig. 9.1, the soil sample is poly-disperse.
In many instances, the particle size may vary by up to three order of magnitudes (Lu
et al. , 2000). However, the hindrance function, Eq. (9.2), is developed for suspensions of
mono-disperse particles. In a poly-disperse suspension, the hindrance is not the same for
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Figure 6. Isotropically averaged intrinsic viscosity of dilute dispersions of biaxially
symmetric ellipsoids (ellipsoids of revolution) versus aspect ratio. The solid line represents
the values estimated using the the Padé-type approximant of Eq. (17) and markers
represents the calculated exact values reported in [Douglas and Garboczi , 1995; Bicerano
et al., 1999].
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the v lues stimated using th he Padé-type pproximant of Eq. (17) and markers
represents the calculated exact values reported in [Douglas and Garboczi , 1995; Bicerano
et al., 1999].
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Figure 9.3: Comparison between the cor ected and no inal diameters obtained by hy-
drometer test for monomodal spherical and plate-like particles. The percentage of error
that affects the diameter estimation due to hindrance is plotted as function of the volume
fraction of particles. To quantify the hindrance effect on the mono-di per e spher cal par-
ticles with Rp = 1, we calculate [η] = 2.5 and ψt = 0.633 using Eqs. (9.3) and (9.4).
The same set of equations retrieve ψt = 0.243 and [η] = 35.58 for mono-disperse plate-like
particles possessing Rp = 0.02. β is calculated by Eq. (9.6).
all particles in the column. Practically, the smaller particles th t sett e slower ar hindered
more than larger particles. The reason for this phenomenon is that the larger particles cause
more return flow (see Fig. 9.1), due to their size relative to the size of container, and also
because larger particles travel ahead of the rest of the suspension. Thus, the small particle
size classes encounter more resistance, and consequently, more hindrance. If one overlooks
the effect of polydispersity, the hydrometer test results will underestimate the diameter of
particles even when the hindrance processes described by Eq. (9.2) are accounted for.
The effect of polydispersity is here introduced by assuming that the sample consists of
multiple mono-disperse size classes. The total hindrance that each size class experiences is
composed of the hindrance associated with the volume fraction of particles ψ dispersed in
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the column and an excess hindrance associated with the polydispersity accounting for the
fact that larger particles settling at a faster rate increase the drag on smaller particles. The
effective volume fraction of particles that causes the total hindrance is defined as,
ψe = ψ + ψ
∗(P ), (9.7)
where
ψ∗(P ) = ψ′|P=100 − ψ′(P ), (9.8)
represents the volume fraction of particles that leave the suspension at the level where the
apparent density of the suspension is measured by the hydrometer. In Eq. (9.8), ψ′ and
P denote the volume fraction and the mass percentage of the soil grains that remain in
the suspension at the measurement level. The definition of ψ′ can be obtained from the
expression of retained mass percentage, P . The mass percentage of the soil sample retained
at the level of measurement is calculated using the first independent parameter (reading)
of the test, called R in ASTM D422-63 (2007). Physically, R measures the specific gravity
of the suspension at the measurement level, thus R = ρ′ψ/ρf .
In the case where the method is applied to hydrometer 151H, the equation (1) of ASTM







at the level where the hydrometer measures the density of the suspension. In Eq. (9.9),
Gs and Gf are the specific gravity of the soil particles and the suspending fluid, Gf = 1
for water. The density of the suspension as function ψ′ at the level of the measurement is
determined using,
ρ′ψ = ψ
′ρs + (1− ψ′)ρf . (9.10)
Alternatively, the last term of Eq. (9.9) can be written using the definition of the first
reading, R, and Eq. (9.10)
R−Gf = ψ′(Gs −Gf ). (9.11)
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where P is the mass percentage. If the soil sample is mono-disperse then P → 100%, and
the effective volume fraction used in hindrance function reduces to the volume fraction of
the soil sample, i.e. ψe → ψ. ψ∗ plays the role of an added volume fraction for each quasi
mono-disperse layer to account for the extra hindrance caused by the larger size classes
settling ahead.
In summary, the effective volume fraction that causes total hindrance on each separate












and the total hindered velocity of a single particle within a poly-dispersed suspension is
calculated using
Uψe = UtH(ψe) (9.15)
where H, the total hindrance function is calculated from Eq. (9.2). Using this approach,
one can see that the two independent parameters in the conventional hydrometer test, P
and velocity are no longer decoupled.
It should be noted that the effect of hindrance varies with position and time for both
mono and poly-disperse suspensions. Here, the effective volume fraction ψe is established
as an averaged volume fraction to compute the hindrance on individual size classes, and
correct the results obtained already by the standard hydrometer test.
9.4 Diameter modification in Hydrometer test
In the standard hydrometer test, the settling velocity of particles hindered due to the pres-
ence of other particles is experimentally measured. Stokes’ law that totally neglects the
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hindrance effect is then used to constrain the particles diameters based on the measured
velocities, so-called nominal diameters (D422-63, 2007). Because of this disagreement be-
tween what is measured and what Stokes’ theory implies, the standard hydrometer test
always underestimates the (actual) particles diameters. To overcome this problem, a mod-
ification on the test results is required to include the effect of hindered particle settling on
the predicted diameter of each mono-disperse layers. This modification amounts to
Original test : Uψe ≈ Ut :→ D2h, (9.16)
Modified test : Uψe = UtH(ψe) :→ D2aH(ψe), (9.17)
where Da represents the corrected diameter, Dh is the nominal diameter that is obtained
from the original hydrometer test, and Uψe is the total hindered velocity of a single particle
sinking within a poly-dispersed suspension. Using Eqs. (9.16) and (9.17), the corrected




where ψe and H are computed with Eqs. (9.14) and (9.2), respectively.
For mono-disperse spheres and plate-like particles, the normalized difference between
the corrected and original diameters, (Da − Dh)/Dh, as function of the particle volume
fraction in the suspension is illustrated in Fig 9.3. One observes that the error associated
with mono-disperse hindrance increases as ψ increases, and as the particle shape departs
from spherical. For instance, at a typical particle volume fraction of soil grains used for the
hydrometer test, ψ ≈ 0.018, the error associated with the estimation of the particle diameter
ranges between 14 and 146 percent, if particles are spherical and platy upto aspect ration
of Rp = 0.02, respectively. Additionally, it should be noted that neglecting the effect of
polydispersity, introduced through the effective volume fraction, ψe, further increases the
error on diameter predictions, especially for smaller size classes.
9.5 Results
The proposed model is tested against laboratory data obtained with the standard hydrom-































Figure 9.4: Comparison of the proposed model, Eq. (9.18), with the experimental data
reported by Di Stefano et al. (2010) on Clay loam soil. Considering a plate-like shape for
clay particles, we assume Rp = 0.03 and calculate [η] = 24.29, ψt = 0.306 and β = 1.137
using the approximations stated in Eqs. (9.3), (9.4) and (9.6) respectively to quantify the
hindrance effect on the clay particles. Additionally, we use ψ = 0.0182 calculated from Eq.
(9.1) with 50 grams of dried soil particles with Gs ≈ 2.7 released in 1000 grams of water.
Vandenberghe, 1997; Ferro & Mirabile, 2009; Di Stefano et al. , 2010) have shown that
results of particle size analysis for sedimentation (e.g. hydrometer and pipette) and laser
diffraction techniques are comparable for coarse-grained particles, while there is consider-
able differences for fine-grained particles. As discussed earlier, the hydrometer technique
considers a finite number of mono-disperse layers of particles, and provides the particle size
distribution based on these divisions. While, the laser diffractometry method supplies a
continuous curve for particle size distribution based on the fact that the light is diffracted
at specific angles as function of the size of particles. In the analysis of laser diffraction data,
it is commonly assumed that particle have a spherical shape, and the optical diameter of
the particles is obtained from the measurement of their cross-sectional areas (Beuselinck
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et al. , 1998; Di Stefano et al. , 2010). The studies of Beuselinck et al. (1998); Eshel et al.
(2004) provide additional information about the laser diffraction method. Di Stefano et al.
(2010) have shown that the clay content is overestimated and by extension the diameters of
fine-grained (clay) particles is underestimated when comparing the results of the hydrome-
ter test to laser diffraction data. This problem can be solved to some extent if one accounts
for hindrance and polydispersity effects.
Equation (9.18) is tested against two sets of published experiments (Di Stefano et al. ,
2010; Lu et al. , 2000). In these experiments, the aspect ratio of particles and the specific
gravity for the considered soil sample have not been reported specifically. For soil particles,
aspect ratio generally expresses the ratio of the major dimension (diameter) to that of the
minor dimension, or vice versa that is applied in this study. For a platy clay particle the
aspect ratio then reduces to the ratio of its thickness to its major planar diameter, and thus
most likely the aspect ratio of particles varies for coarse and fine particles (Gantenbein et al.
, 2011). For instance, Cornish kaolins possesses Rp ≈ 0.1 for coarse particles and Rp ≈ 0.02
for the fine grains (Slepetys & Cleland, 1993), see Weber et al. (2014); Slepetys & Cleland
(1993); Gantenbein et al. (2011) for more details. In this study a representative (constant)
aspect ratio is considered for all mono-disperse layers, and the specific gravity Gs = 2.7 is
assumed for soil particles.
The first set of measurements was presented by Di Stefano et al. (2010) using Clay loam
soil collected from the Sicilian basin, Imera Meridionale. The size distribution of the soil
sample was analyzed with both standard hydrometer and laser diffraction methods leading
to DH50 = 7 µm and D
L
50 = 16 µm, respectively, as shown in Fig. 9.4. The proposed diameter
modification, Eq. (9.18), is applied to account for the poly-dispersed hindrance effect on
the standard hydrometer test results. For this example, we find ψ = 0.0182 using Eq. (9.1)
based on the addition of 50 grams of dried soil particles with Gs ≈ 2.7 into 1000 grams of
water (see ASTM D422-63 (2007)). The effective volume fraction for each mono-sized layers
of particles is computed using Eq. (9.14). Results for the modified particle size distribution
are illustrated in Fig 9.4 as a solid line. A fixed aspect ratio for all mono-disperse layers is
assumed, Rp = 0.03, which is an acceptable averaged aspect ratio for particle size ranging
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from 1 µm to 100 µm (Lu et al. , 2000; Lambe & Whitman, 1969). The modified hydrometer
test retrieves D50 = 16 µm which agrees well with the laser diffraction data. We also note an
excellent agreement between the proposed model and laser diffraction data for the texture
analysis of this soil sample over the whole range of particle sizes.
The second set of experiments was conducted by Lu et al. (2000) on Georgia kaolinite
using the standard hydrometer method and laser diffraction analysis. It was shown that
the actual average major dimension for the platy kaolinite particles obtained using the laser
diffraction is comparable to the scanning electron microscope analysis, while the data from
the standard hydrometer test underestimates it by a factor of about 4.5 (Lu et al. , 2000).
The results of the soil particle size distribution form the laboratory measurements and Eq.
(9.18) are shown in Fig. 9.5. Here, again, a fixed aspect ratio for all mono-disperse layers
is assumed, Rp = 0.02. According to Fig. 9.5, the standard hydrometer test and laser
diffraction retrieve DH50 = 0.55 µm and D
L
50 = 2.5 µm, and the analysis using the modified
method obtain D50 = 2.1 µm. A very good agreement between the modified hydrometer
test and the laser diffraction method is observed over the entire particle size distribution
of Georgia kaolinite. It should be also noted that varying the value of aspect ratio results
in a different particle size distribution based on Eq. (9.18), and if one considers different
































Figure 9.5: Comparison of the proposed model, Eq. (9.18), with the experimental data
reported by Lu et al. (2000) on Georgia kaolinite soil. Considering a plate-like shape for
kaolinite particles, we assume Rp = 0.02 and calculate [η] = 35.58, ψt = 0.243 and β = 1.205
using the approximations stated in Eqs. (9.3), (9.4) and (9.6) respectively to quantify the
hindrance effect on the clay particles. Additionally, we use ψ = 0.0182 calculated from Eq.
(9.1) with 50 grams of dried soil particles with Gs ≈ 2.7 released in 1000 grams of water.
158
CHAPTER X
OTHER CONTRIBUTIONS AND FUTURE WORK
In this chapter, two other applications carried out during the course of the PhD are shortly
discussed and followed by a discussion where several future directions are suggested.
10.1 Other studies carried out during this thesis
• Related to the Differential Effective Medium theory developed in chapter 3:
We proposed a theoretical model to compute the effective thermal conductivity of
metal and dielectric spherical particle reinforced composites with interfacial thermal
resistance. We consider a wide range of filler volume fraction with sizes ranging from
nano- to macro-scale. The model, based on the differential effective medium theory,
accounts for particle interactions through two sets of volume fraction corrections dis-
cussed in chapter 3. The model is compared to other published models, experiments
and numerical simulations for different types of composites. We observed an excellent
agreement between the model and published datasets over a wide range of particle
volume fractions and material properties of the composite constituents.
This additional study is published under:
Faroughi, S. A., & Huber, C. (2015). Effective thermal conductivity of metal and
non-metal particulate composites with interfacial thermal resistance at high volume
fraction of nano to macro-sized spheres. Journal of Applied Physics, 117(5), 055104.
• Related to the rheological and hindrance models developed in chapter 3 and 8, re-
spectively:
The analysis on the gravitational settling in suspensions led to study the buoyant
migration of magmatic vapor phase in zoned magma reservoirs. By investigating the
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fluid dynamics that controls the transport of the vapor bubbles in crystal-rich and
crystal-poor magmas, we show how the interplay between capillary stresses and the
viscosity contrast between the bubbles and the host melt results in a counterintuitive
dynamics, whereby the vapor bubbles tends to migrate efficiently in crystal-rich parts
of a magma reservoir and accumulate in crystal-poor regions. The accumulation of
low-density bubbles in crystal-poor magmas has implications for the eruptive potential
of magmas, and is the likely source of the excess sulfur released during explosive
eruptions.
This study is also published under:
Parmigiani, A., Faroughi, S., Huber, C., Bachmann, O., & Su, Y. (2016). Bubble
accumulation and its role in the evolution of magma reservoirs in the upper crust.
Nature, 532(7600), 492-495.
10.2 Future work
Based on the theoretical developments discussed in this dissertation, several extensions and
new direction can be outlined as follows.
• Developing a fully predictive rheology model for suspensions:
The development of a predictive rheological model for suspensions requires additional
experimental studies to better constrain the dependence of the state variables on the
particle shape and particle size distribution under a wide range of shear conditions.
Equation (3.49) along with Eqs. (6.6), (6.7), (6.12) and (6.13) suggest a framework
for a predictive rheology model to parameterize the evolution of the microstructures
and its effect on the effective viscosity of suspensions subjected to very low (near zero)
shear rates. When suspensions are subjected to a broader range of shear conditions,
the closure of the model depends on an additional degree of freedom. Under conditions
where Ω−1(τ, rp) × [η(τ, rp)]C again depends solely on the particle shape and not on
the imposed shear condition, a predictive model can be constructed from either the
knowledge of the threshold packing limit or the intrinsic viscosity of the suspension
under different flow or stress conditions. Experimentally, the threshold packing limit
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is easier to constrain as function of shear conditions. But, more experiments designed
to test the dependence of Ω−1(τ, rp) × [η(τ, rp)]C and hence the threshold packing
limit with respect to the particle shape under various shear conditions are required to
develop a fully predictive rheology model.
• Constrain Ω−1(τ, rp) × [η(τ, rp)]C for wider ranges of particle aspect ratio and shear
conditions:
It would be significant to constrain Ω−1(τ, rp)× [η(τ, rp)]C for a wider range of particle
aspect ratio using particle-based numerical model, including Lattice Boltzmann, Im-
mersed boundary and Discrete Element methods. In fact, using these models, one may
study how microstructures evolve in complex fluids under different stress conditions,
and how microstructure rearrangement impacts the mechanics and the rheophysics of
complex fluids.
• A physical interpretation for [η]C :
It was shown that [η]C differs from [η]D, and varies with microstructural changes. At
this point, no clear physical definition is found for [η]C . One may study the physical
meaning of [η]C using particle-based simulations to understand its relation with the
crowding factor, Ω (which physically accounts for the ratio of dead fluid between
particles and fraction of particles at jamming condition). It would be also beneficial
to constrain how polydispersity and possible shear-induced heterogeneities developed
during deformation affect [η]C .
• Mechanic of composites using Differential Effective Medium theory:
The Differential Effective Medium theory developed in chapter 3 can be simply em-
ployed to study other mechanical properties of complex fluids and composites with
different particle size (as have been performed for the effective thermal conductivity).
Such properties for composites may include Poisson’s ratio, shear modulus, elastic




This dissertation aims at studying of the effective shear viscosity of complex fluids from a
process-based point of view. A generalized rheology model is first developed to determine the
relative viscosity of concentrated complex fluids made of two Newtonian incompressible and
immiscible fluids under a simple straining flow. In the derivation, two volume corrections
are introduced. The first correction accounts for a finite spatial domain where the addition
of a particle requires the removal of the same volume of the ambient fluid. The second
volume correction accounts for the amount of the matrix inaccessible to other particles
and trapped in the interstices formed by particles through a self-crowding factor. The
resulting general model is a function of the viscosity ratio, capillary number (or particle
deformation), particle volume fraction and the threshold volume fraction for random close
packing of particles. The theoretical model is then extended to account for the effect of
bimodal particle size distributions on the rheology of suspensions of solid spherical particles.
Various processes that lead to non-Newtonian behaviors in concentrated suspensions are
reviewed and discussed, and ways to include them in the rheology model are proposed.
The model is then extended to the suspensions of rigid, bi-axially symmetric ellipsoids that
allows to characterize the effect of the particles aspect ratio and applied shear conditions
on the viscosity of suspensions.
The introduction of two state variables, the intrinsic viscosity [η]C and the self-crowding
factor Ω, is used to study microstructural rearrangement and evolution in suspensions. The
state variables approach defines the state of dispersion of particles in a suspension. It
is found that the experimental data conducted on suspension with rigid solid particles
of arbitrary shapes can be collapsed on a unique rheological curve, which requires only
the knowledge of the state of dispersion by measuring either [η]C or Ω. The intrinsic
viscosity [η]C and the self-crowding factor Ω are strongly interrelated and isolating their
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individual dependency on the shearing conditions and particle shape is difficult. Using
published experimental data conducted with spherical particles, it is shown that the product
Ω−1 × [η]C is invariant with respect to the induced shear stresses, and Ω−1 × [η]C ≈ 4.1. A
similar invariant for suspensions involving non-spherical particles is then postulated. Using
available published experimental and numerical data, it is confirmed that Ω−1(τ, rp) ×
[η(τ, rp)]
C depends only on the particle shape and that this dependency can be constrained
for suspensions including particles with aspect ratios ranging from plate-like to rod-like
particles.
The self-similar behavior of the rheology model proposed here suggests the existence of
a predictive rheology model for the effective viscosity of suspensions of rigid particles at
low shear stresses (or shear rates), where the threshold packing limit as well as Ω−1(τ, rp)×
[η(τ, rp)]
C = f(rp) are fully constrained. Alternatively, the same approach can be used to
retrieve the state variables (self-crowding factor and intrinsic viscosity) characterizing the
state of dispersion of suspensions with particles of different shapes deformed under different
flow conditions. This approach, however, still needs to be further tested for a wider range
of particle shape and shearing condition. To this end, a set of experiments designed to test
the relation of Ω−1 × [η]C with the particle shape and applied shear conditions is required.
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Marti, I., Höfler, O., Fischer, P., & Windhab, E. J. 2005. Rheology of concentrated suspen-
sions containing mixtures of spheres and fibres. Rheologica acta, 44(5), 502–512.
Martin, D., & Nokes, R. 1988. Crystal settling in a vigorously convecting magma chamber.
Nature, 332, 534–536.
174
Martin, D., & Nokes, R. 1989. A fluid-dynamical study of crystal settling in convecting
magmas. Journal of Petrology, 30(6), 1471–1500.
Martys, Nicos S. 2005. Study of a dissipative particle dynamics based approach for modeling
suspensions. Journal of Rheology (1978-present), 49(2), 401–424.
Mendoza, C. I. 2011. Effective static and high-frequency viscosities of concentrated suspen-
sions of soft particles. Journal of Chemical Physics, 135(5), 054904.
Mertes, TS, & Rhodes, HB. 1955. Liquid-particle behavior. Chem. Eng. Progr, 51(429-432),
517–522.
Mewis, Jan, & Wagner, Norman J. 2009a. Current trends in suspension rheology. Journal
of Non-Newtonian Fluid Mechanics, 157(3), 147–150.
Mewis, Jan, & Wagner, Norman J. 2009b. Thixotropy. Advances in Colloid and Interface
Science, 147, 214–227.
Mewis, Jan, & Wagner, Norman J. 2012. Colloidal suspension rheology. Cambridge Uni-
versity Press.
Mikulencak, Duane R, & Morris, Jeffrey F. 2004. Stationary shear flow around fixed and
free bodies at finite Reynolds number. Journal of Fluid Mechanics, 520, 215–242.
Moitra, P, & Gonnermann, HM. 2015. Effects of crystal shape-and size-modality on magma
rheology. Geochemistry, Geophysics, Geosystems, 16(1), 1–26.
Mooney, M. E. 1951. The viscosity of a concentrated suspension of spherical particles.
Journal of Colloid Science, 6(2), 162–170.
Morris, Jeffrey F. 2009. A review of microstructure in concentrated suspensions and its
implications for rheology and bulk flow. Rheologica acta, 48(8), 909–923.
Morris, Jeffrey F, & Boulay, Fabienne. 1999. Curvilinear flows of noncolloidal suspensions:
The role of normal stresses. Journal of Rheology (1978-present), 43(5), 1213–1237.
Mueller, S., Llewellin, E. W., & Mader, H. M. 2010. The rheology of suspensions of solid
particles. Proceedings of the Royal Society A, 466, 1201–1228.
Mueller, S., Llewellin, E. W., & Mader, H. M. 2011. The effect of particle shape on sus-
pension viscosity and implications for magmatic flows. Geophysical Research Letters,
38(L13316).
Nakayama, Yasuya, & Yamamoto, Ryoichi. 2005. Simulation method to resolve hydrody-
namic interactions in colloidal dispersions. Physical Review E, 71(3), 036707.
Nasseri, S, Phan-Thien, N, & Fan, X-J. 2000. Lubrication approximation in completed
double layer boundary element method. Computational mechanics, 26(4), 388–397.
Ness, Christopher, & Sun, Jin. 2015. Flow regime transitions in dense non-Brownian suspen-
sions: Rheology, microstructural characterization, and constitutive modeling. Physical
Review E, 91(1), 012201.
175
Nettleship, I, Cisko, L, & Vallejo, L. 1997. Aggregation of clay in the hydrometer test.
Canadian geotechnical journal, 34(4), 621–626.
Neuville, D. R. 2006. Viscosity, structure and mixing in (Ca, Na) silicate melts. Chemical
Geology, 229, 28–41.
Niu, XD, Shu, C, Chew, YT, & Peng, Y. 2006. A momentum exchange-based immersed
boundary-lattice Boltzmann method for simulating incompressible viscous flows. Physics
Letters A, 354(3), 173–182.
Norris, A. N., Callegari, A. J., & Sheng, P. 1985. A generalized differential effective medium
theory. Journal of the Mechanics and Physics of Solids, 33(6), 525–543.
Oldroyd, JG. 1959. Complicated Rheological Properties in Rheology of Disperse Systems.
Oliver, DR. 1961. The sedimentation of suspensions of closely-sized spherical particles.
Chemical Engineering Science, 15(3), 230–242.
Oliver, DR, & Ward, Stacey G. 1953. Relationship between relative viscosity and volume
concentration of stable suspensions of spherical particles. Nature, 171, 396–397.
Owens, Robert G, & Phillips, Timothy N. 2002. Computational rheology. Vol. 2. World
Scientific.
Pal, Rajinder. 1992. Rheology of polymer-thickened emulsions. Journal of Rheology (1978-
present), 36(7), 1245–1259.
Pal, Rajinder. 1996. Viscoelastic properties of polymer-thickened oil-in-water emulsions.
Chemical engineering science, 51(12), 3299–3305.
Pal, Rajinder. 2000. Relative viscosity of non-Newtonian concentrated emulsions of noncol-
loidal droplets. Industrial & engineering chemistry research, 39(12), 4933–4943.
Pal, Rajinder. 2001. Evaluation of theoretical viscosity models for concentrated emulsions
at low capillary numbers. Chemical Engineering Journal, 81(1), 15–21.
Pal, Rajinder. 2003a. Rheological behavior of bubble-bearing magmas. Earth and Planetary
Science Letters, 207(1), 165–179.
Pal, Rajinder. 2003b. Rheology of concentrated suspensions of deformable elastic particles
such as human erythrocytes. Journal of biomechanics, 36(7), 981–989.
Pal, Rajinder. 2003c. Viscous behavior of concentrated emulsions of two immiscible New-
tonian fluids with interfacial tension. Journal of colloid and interface science, 263(1),
296–305.
Pal, Rajinder. 2004. Rheological constitutive equation for bubbly suspensions. Industrial
& engineering chemistry research, 43(17), 5372–5379.
Pal, Rajinder, & Rhodes, Edward. 1989. Viscosity/concentration relationships for emul-
sions. Journal of Rheology (1978-present), 33(7), 1021–1045.
Pan, Zhongcheng, de Cagny, Henri, Weber, Bart, & Bonn, Daniel. 2014. S-Shaped
Discontinuous Shear Thickening Flow Curve in Granular Suspensions. arXiv preprint
arXiv:1412.5333.
176
Parslow, K, & Jennings, BR. 1986. Simultaneous size and thickness measurements for
heterogeneous micrometre-sized particles. Journal of Physics D: Applied Physics, 19(7),
1233.
Pasquino, Rossana, Grizzuti, Nino, Maffettone, Pier Luca, & Greco, Francesco. 2008. Rhe-
ology of dilute and semidilute noncolloidal hard sphere suspensions. Journal of Rheology
(1978-present), 52(6), 1369–1384.
Passchier, CW, & Trouw, RAJ. 2005. Microtectonics, 366 pp.
Patankar, Neelesh A, & Hu, Howard H. 2002. Finite Reynolds number effect on the rhe-
ology of a dilute suspension of neutrally buoyant circular particles in a Newtonian fluid.
International journal of multiphase flow, 28(3), 409–425.
Petford, N. 2003. Rheology of granitic magmas during ascent and emplacement. Annu.
Rev. Earth Planet. Sci, 31, 399–427.
Phan-Thien, N, & Pham, DC. 2000. Differential multiphase models for polydispersed
spheroidal inclusions: thermal conductivity and effective viscosity. International Journal
of Engineering Science, 38(1), 73–88.
Philippe, AM, Baravian, C, Bezuglyy, V, Angilella, JR, Meneau, F, Bihannic, I, & Mi-
chot, LJ. 2013. Rheological study of two-dimensional very anisometric colloidal particle
suspensions: from shear-induced orientation to viscous dissipation. Langmuir, 29(17),
5315–5324.
Phillips, R. J., Armstrong, R. C., Brown, R. A., Graham, A. L., & Abbott, J. R. 1992. A
constitutive equation for concentrated suspensions that accounts for shearinduced particle
migration. Physics of Fluids A: Fluid Dynamics, 4(1), 30–40.
Picard, D., Arbaret, L., Pichavant, M., Champallier, R., & Launeau, P. 2011. Rheology and
microstructure of experimentally deformed plagioclase suspensions. Geology, 39, 747–750.
Picard, D., Arbaret, L., Pichavant, M., Champallier, R., & Launeau, P. 2013. The rheo-
logical transition in plagioclase-bearing magmas. Journal of Geophiscal Research, 118,
1363–1377.
Pishvaei, M, Graillat, C, Cassagnau, P, & McKenna, TF. 2006. Modelling the zero shear vis-
cosity of bimodal high solid content latex: Calculation of the maximum packing fraction.
Chemical engineering science, 61(17), 5768–5780.
Pistone, Mattia, Caricchi, Luca, Ulmer, Peter, Burlini, Luigi, Ardia, Paola, Reusser, Eric,
Marone, Federica, & Arbaret, Laurent. 2012. Deformation experiments of bubble-and
crystal-bearing magmas: Rheological and microstructural analysis. Journal of Geophys-
ical Research: Solid Earth (1978–2012), 117(B5).
Pistone, Mattia, Caricchi, Luca, Ulmer, Peter, Reusser, Eric, & Ardia, Paola. 2013. Rheol-
ogy of volatile-bearing crystal mushes: mobilization vs. viscous death. Chemical Geology,
345, 16–39.
Pivkin, Igor V, & Karniadakis, George Em. 2005. A new method to impose no-slip boundary
conditions in dissipative particle dynamics. Journal of Computational Physics, 207(1),
114–128.
177
Poslinski, A. J., Ryan, M. E., Gupta, R. K., Seshadri, S. G., & Frechette, F. J. 1988.
Rheological Behavior of Filled Polymeric Systems I. Yield Stress and ShearThinning
Effects. Journal of Rheology, 32(7), 703–735.
Probstein, R Fi, Sengun, MZ, & Tseng, T-C. 1994. Bimodal model of concentrated suspen-
sion viscosity for distributed particle sizes. Journal of Rheology (1978-present), 38(4),
811–829.
Qi, Fuzhong, & Tanner, Roger I. 2012. Random close packing and relative viscosity of
multimodal suspensions. Rheologica acta, 51(4), 289–302.
Quemada, D. 1977. Rheology of concentrated disperse systems and minimum energy dissi-
pation principle. Rheologica Acta, 16(1), 82–94.
Robinson, James V. 1949. The Viscosity of Suspensions of Spheres. The Journal of Physical
Chemistry, 53(7), 1042–1056.
Rodriguez, B. E., Kaler, E. W., & Wolfe, M. S. 1992. Binary mixtures of mono-disperse
latex dispersions. 2. Viscosity. Langmuir, 8(10), 2382–2389.
Roozbahani, Mohammad Mahdi, Huat, Bujang BK, & Asadi, Afshin. 2013. The effect of
different random number distributions on the porosity of spherical particles. Advanced
Powder Technology, 24(1), 26–35.
Roscoe, R. 1952. The viscosity of suspensions of rigid spheres. British Journal of Applied
Physics, 3(8), 267–269.
Roscoe, R. 1967. On the rheology of a suspension of viscoelastic spheres in a viscous liquid.
Journal of Fluid Mechanics, 28(2), 273–293.
Rosén, Tomas, Do-Quang, M, Aidun, CK, & Lundell, F. 2015. The dynamical states of a
prolate spheroidal particle suspended in shear flow as a consequence of particle and fluid
inertia. Journal of Fluid Mechanics, 771, 115–158.
Rushmer, T. 1995. An experimental deformation study of partially molten amphibolite:
Application to low-melt fraction segregation. Journal of Geophysical Research, 100(B8),
15681–15695.
Rust, AC, & Manga, Michael. 2002. Effects of bubble deformation on the viscosity of dilute
suspensions. Journal of Non-Newtonian Fluid Mechanics, 104(1), 53–63.
Rutgers, Ir R. 1962. Relative viscosity and concentration. Rheologica Acta, 2(4), 305–348.
Rutter, E., & Neumann, D. 1995. Experimental deformation of partially molten Westerly
granite under fluid-absent conditions, with implications for the extraction of granitic
magmas. Journal of Geophysical Research, 100(B8), 15697–15715.
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